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Abstract 

We prove the following version of the Loebl-Koml6s-S6s Conjecture: For every a > there 
exists a number fco such that for every k > ko every n- vertex graph G with at least (i + a)n 
vertices of degree at least (1 + a)k contains each tree T of order k as a subgraph. 

The method to prove our result follows a strategy common to approaches which employ 
the Szemeredi Regularity Lemma: we decompose the graph G, find a suitable combinatorial 
structure inside the decomposition, and then embed the tree T into G using this structure. 
However, the decomposition given by the Regularity Lemma is not of help when G is sparse. To 
surmount this shortcoming we use a more general decomposition technique: each graph can be 
decomposed into vertices of huge degree, regular pairs (in the sense of the Regularity Lemma), 
and two other objects each exhibiting certain expansion properties. 
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1 Introduction 



1.1 Statement of the problem 

We provide an approximate solution of the Loebl-Koml6s-S6s Conjecture. This is a problem in 
extremal graph theory which fits the classical form Does a certain density condition imposed on 
a graph guarantee a certain subgraph? Classical results of this type include Dirac's Theorem 
which determines the minimum degree threshold for containment of a Hamilton cycle, or Mantel's 
Theorem which determines the average degree threshold for containment of a triangle. Indeed, 
most of these extremal problems are formulated in terms of the minimum or average degree of the 
host graph. 

We investigate density conditions which guarantee that a host graph contains each tree of 
order k. The greedy tree-embedding strategy shows that minimum degree more of than k — 2 is 
a sufficient condition. Further, this bound is best possible as any (k — 2)-regular graph avoids the 
^-vertex star. However, Erdos and Sos conjectured that the minimum degree condition can be 
relaxed to an average degree one still giving the same conclusion. 

Conjecture 1.1 (Erd6s-S6s Conjecture 1963). Let G be a graph of average degree greater than 
k — 2. Then G contains each tree of order k as a subgraph. 

A solution of the Erd6s-S6s Conjecture for all k bigger than an absolute constant was announced 
by Ajtai, Komlos, Simonovits, and Szemeredi in the early 1990's. In a similar spirit, Loebl, Komlos, 
and Sos conjectured that a median degree of k — 1 or more is sufficient for containment of any tree 
of order k. By median degree we mean the degree of a vertex in the middle of the ordered degree 
sequence. 

Conjecture 1.2 (Loebl-Koml6s-S6s Conjecture 1995 [EFLS95] ). Suppose that G is an n-vertex 
graph with at least n/2 vertices of degree more than k — 2. Then G contains each tree of order k. 

We discuss in detail Conj ectures 11.11 and 11.21 in Section fl. 31 Here, we just state the main result 
of the paper, an approximate solution of the Loebl-Koml6s-S6s Conjecture. 

Theorem 1.3 (Main result). For every a > there exists ko such that for any k > ko we have the 
following. Each n-vertex graph G with at least + a)n vertices of degree at least (1 + a)k contains 
each T tree of order k. 

1.2 Regularity lemma and dense graph theory 

The Szemeredi Regularity Lemma has been a major tool in extremal graph theory for three decades. 
It provides an approximate representation of a graph with a so-called cluster graph. This cluster 
graph representation is the key for graph-containment problems. The usual strategy here is that 
instead of solving the original problem one focuses on a modified simpler problem in the cluster 
graph. 



4 



1.3 Loebl-Komlos-Sos Conjecture and Erdos-Sos Conjecture 



The applicability of the Szemeredi Regularity Lemma is, however, limited to dense graphs, i.e., 
graphs that contain a substantial proportion of all possible edges. Luckily enough many graphs 
arising in extremal graph theory are dense, as for example those coming from Dirac's and Mantel's 
Theorem above. But, while the proofs of these two results are elementary many of their extensions 
rely on the Regularity Lemma. 

While the theory of dense graphs is well understood due to the Szemeredi Regularity Lemma, 
no such tool is available for sparse graphs. A regularity type representation of general (possibly 
sparse) graphs is one of the most important goals of contemporary discrete mathematics. By such a 
representation we mean an approximation of the input graph by a structure of bounded complexity 
carrying enough of the important information about the graph. 

A central tool in the proof of Theorem 11.31 is a structural decomposition of the graph Gy jXjj} 
This decomposition — which we call sparse decomposition — applies to any graph whose average 
degree is bigger than an absolute constant. The sparse decomposition provides a partition of any 
graph into vertices of huge degrees and into a bounded degree part. The bounded degree part 
is further decomposed into dense regular pairs, an edge set with certain expander-like properties, 
and a vertex set which is expanding in a different way (we shall give a more precise description 
in Section II .5f) . This kind of decomposition was first used by Ajtai, Komlos, Simonovits, and 
Szemeredi in their yet unpublished work on the Erdos-Sos Conjecture. 

In the case of dense graphs the sparse decomposition produces a Szemeredi regularity partition, 
and thus the decomposition lemma (Lemma 14. 13p extends the Szemeredi Regularity Lemma. But, 
the interesting setting for the Decomposition Lemma are sparse graphs. Being sparse, these graphs 
may be expected to contain less interesting substructures than dense graphs, and so, it comes as 
no surprise that the output of Lemma 14.131 in this setting is less useful than a Szemeredi regu- 
larity partition for dense graphs. If we think of graph containment problems, the applicability of 
Lemma |4. 131 seems to be limited to simple structures as trees. 

1.3 Loebl-Komlos-Sos Conjecture and Erdos-Sos Conjecture 

Let us first introduce some notation. We say that H embeds in a graph G and write H C G if H 
is a (not necessarily induced) subgraph of G. The associated map (j) : V(H) — > V(G) is called an 
embedding of H in G. More generally, for a graph class % we write T-L C G if H C G for every 
H £ %. Let trees(fe) be the class of all trees of order k. 

Conjecture [L2] is dominated by two parameters: one quantifies the number of vertices of 'large' 
degree, and the other tells us how large this degree should actually be. Strengthening either of 
these bounds sufficiently, the conjecture becomes trivial. 

On the other hand, one may ask whether lower bounds would suffice. For the bound k — 2, this 
is not the case, since stars of order k require a vertex of degree at least k — 1 in the host graph. As 

1 Indeed, if we replace n/2 with n, then any tree of order k can be embedded greedily. Also, if we replace k — 2 
with 4fc — 4, then G, being a graph of average degree at least 2k — 2, has a subgraph G' of minimum degree at 
least k — 1. Again we can greedily embed any tree of order k. 
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1.3 Loebl-Komlos-Sos Conjecture and Erdos-Sos Conjecture 




Figure 1.1: An extremal graph for the Loebl-Komlos-Sos Conjecture. 



for the bound n/2, the following example shows that this number cannot be decreased much. 

First, assume that n is even, and that n = k. Let G* be obtained from the complete graph on n 
vertices by deleting all edges inside a set of § + 1 vertices. It is easy to check that G* does not 
contain the patrol £ trees(fc). Now, taking the union of several disjoint copies of G* we obtain 
examples for other values of n. (And adding a small complete component we can get to any value 
of n.) See Figure fTTTI for an illustration. 

However, we do not know of any example attaining the exact bound n/2. Thus it might be 
possible to lower the bound n/2 from Conjecture 11.21 to the one attained in our example above: 

Conjecture 1.4. Let k € N and let G be a graph on n vertices, with more than ^ — [§J — {n 
mod k) vertices of degree at least k — 1. Then trees (A;) C G. 

It might even be that if n/k is far from integrality, a slightly lower bound on the number of 
vertices of large degree still works (see |Hlat [HP] ) . 

Several partial results concerning Conjecture 11.21 have been obtained; let us briefly summarize 
the major ones. Two main directions can be distinguished among those results that prove the 
conjecture for special classes of graphs: either one places restrictions on the host graph, or on the 
class of trees to be embedded. Of the latter type is the result by Bazgan, Li, and Wozniak [BLWOO , 
who proved the conjecture for paths. Also, Piguet and Stein |PS08| proved that Conjecture 11.21 is 
true for trees of diameter at most 5, which improved earlier results of Barr and Johansson jBJj and 
Sun |Sun07| . 

Restrictions on the host graph have led to the following results. Soffer |SofOO] showed that 
Conjecture 11.21 is true if the host graph has girth at least 7. Dobson [Dob02| proved the conjecture 
for host graphs whose complement does not contain a -^2,3 • This has been extended by Matsumoto 
and Sakamoto jMSj who replace the -^2,3 with a slightly larger graph. 

A different approach is to solve the conjecture for special values of k. One such case, known as 
the Loebl conjecture, or also as the {n/2— n/2— n/2)— Conjecture, is the case k = n/2. Ajtai, Komlos, 
and Szemeredi |AKS95] solved an approximate version of this conjecture, and later Zhao [Zhall] 
used a refinement of this approach to prove the sharp version of the conjecture for large graphs. 

An approximate version of Conj ecture 11.21 for dense graphs, that is, for k linear in n, was proved 
by Piguet and Stein |PS12j . Let us take this opportunity to introduce a useful notation. Write 

"In general, G* does not contain any tree T £ trees(fc) which has an equitable two-coloring. 
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1.3 Loebl-Komlos-Sos Conjecture and Erdos-Sos Conjecture 



c 




n-L(k-2)/2j 



Figure 1.2: An almost extremal graph for the Erdos-Sos Conjecture. 



LKS(n, k, a) for the class of all n-vertex graphs with at least 



\ + a)n vertices of degrees at least 



(l + a)k. With this notation Conjecture 11.21 states that every graph in LKS(n, k, 0) contains every 
tree from trees (k + 1). 

Theorem 1.5 (Piguet-Stein |PS12j ). For any q > and a > there exists a number iiq such that 
for any n > hq and k > qn the following holds. If G £ LKS(n, k, a) then trees(/c + 1) C G. 

This result was proved using the regularity method. Adding stability arguments, Hladky and 
Piguet [HP], and independently Cooley |Coo09j proved Conjecture 11.21 for large dense graphs. 

Theorem 1.6 (Hladky-Piguet |HPj . Cooley |Coo09j ). For any q > there exists a number 
n o = noil) such that for any n > uq and k > qn the following holds. If G £ LKS(n, k,0) 
then trees(/c + 1) C G. 

Let us now turn our attention to the Erdos-Sos Conjecture. It is particularly important to 
compare the structure of the respective extremal graph with the extremal graphs for the Loebl- 
Komlos-Sos Conjecture. The Erdos-Sos Conjecture 11.11 is best possible whenever n(k — 2) is even. 
Indeed, in that case it suffices to consider a (k — 2)-regular graph. This is a graph with average 
degree exactly k — 2 which does not contain the star of order k. Even when the star (which in a sense 
is a pathological tree) is excluded from the considerations, we can — at least when k — 1 divides n 
- consider a disjoint union of cliques K^-i- This graph contains no tree from trees(fc). 

There is another important graph with many edges which does not contain for example the 
path Pfc, depicted in Figure 11.21 This graph has \{k — 2)n — 0{k 2 ) edges when k is even and 
\{k — 3)n — 0(k 2 ) edges otherwise, and therefore gets close to the conjectured bound when k Cn. 
Apart from the already mentioned announced breakthrough by Ajtai, Komlos, Simonovits, and 
Szemeredi, work on this conjecture includes }BD96l iHaxOTl iMSl ISW971 IWoz96j . 

Both Conjectures 1 1 .21 and Conjecture 1 1.1 1 have an important application in Ramsey theory. Each 
of them implies that the Ramsey number of two trees T^+i € trees(fc + 1), Ti + i S trees(£ + 1) is 
bounded by R(T^ + i, T^ +1 ) ^ k + £ + 1. Actually more is implied: Any 2-edge-colouring of K^ + £ + i 
contains either all trees in trees(/c + 1) in red, or all trees in trees(£ + 1) in blue. 

The bound R(Tk + i, T^ +1 ) ^ k+i+l is almost tight only for certain types of trees: Harary |Har72j 
showed R(Sk,Si) = k + £ — 2 — e for stars Sk £ trees(fc), Si G trees(T), where e G {0,1} 



7 



1.4 Related tree containment problems 



depends on the parity of k and 



R(P k ,P e ) = max{k,£} + 



min{k,£} 
2 



On the other hand, Gerencser and Gyarfas [GG67j showed 
1 for paths P/. E trees(fc), Pi S trees(^). Haxell, Luczak, and 
Tingley confirmed asymptotically |HLT02j that the discrepancy of the Ramsey bounds for trees 
depends on their balancedness, at least when the maximum degrees of the trees considered are 
moderately bounded. 



1.4 Related tree containment problems 

Trees in random graphs. To complete the picture of research involving tree containment prob- 
lems we mention two rich and vivid (and also closely connected) areas: trees in random graphs, 
and trees in expanding graphs. The former area is centered around the following question: What 
is the probability threshold p = p{n) for the Erdos-Renyi random graph G n , p to contain asymptot- 
ically almost surely (a.a.s.) each tree/all trees from a given class J- n of trees? Note that there is 
a difference between containing "each tree" and "all trees" as the error probabilities for missing 
individual trees might sum up. 

Most research focused on containment of spanning trees, or almost spanning trees. The only 
well-understood case is when T n = {Pk n } is a path. The threshold p = lnn for appearance of 

a spanning path (i.e., k n = n) was determined by Komlos and Szemeredi |KS83j . and independently 
by Bollobas [Bol84j . Note that this threshold is the same as the threshold for a weaker property 
for connectedness. We should also mention a previous result of Posa |P6s76j which determined the 
order of magnitude of the threshold, p = 0(^p). The heart of Posa's proof, the celebrated rotation- 
extension technique, is an argument about expanding graphs, and indeed many other results about 
trees in random graphs exploit the expansion properties of G n ^ p in the first place. 

The threshold for the appearance of almost spanning paths in G n>p was determined by Fernandez 
de la Vega |FdlV79] and independently by Ajtai, Komlos, and Szemeredi |AKS81j . Their results 
say that a path of length (1 — e)n appears a.a.s. in G n c for C = C(e) sufficiently large. This 
behavior extends to bounded degree trees. Indeed, Alon, Krivelevich, and Sudakov }AKS07j proved 
that G n c (for a suitable C = C(e, A)) a.a.s. contains all trees of order (1 — e)n with maximum 
degree at most A (the constant C was later improved in |BCPS10] ). 

Let us now turn to spanning trees in random graphs. It is known |AKS07j that a.a.s. G n cinn 

1 n 

contains a single spanning tree T with bounded maximum degree and linearly many leaves. This 
result can be reduced to the main result of [AKS07J regarding almost spanning trees quite easily. 
The constant C can be taken C = 1 + o(l), as was shown recently by Hefetz, Krivelevich, and 
Szabo |HKSj : obviously this is best possible. The same result also applies to trees that contain a 
path of linear length whose vertices all have degree two. A breakthrough in the area was achieved by 
Krivelevich [KrilO] who gave an upper bound on the threshold p = p(n, A) for embedding a single 
spanning tree of a given maximum degree A. This bound is essentially tight for A = n c , c S (0, 1). 
Even though the argument in |Kril0j is not difficult, it relies on a deep result of Johansson, Kahn 
and Vu [JKV08| about factors in random graphs. 
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1.5 Overview of the proof of Theorem \1.3\ 



Trees in expanders. By an expander graph we mean a graph with a large Cheeger constant, 
i.e., a graph which satisfies a certain isoperimetric property. As indicated above, random graphs 
are very good expanders, and this is the main motivation for studying tree containment problems 
in expanders. Another motivation comes from studying the universality phenomenon. Here the 
goal is to construct sparse graphs which contain all trees from a given class, and expanders are 
natural candidates for this. The study of sparse tree-universal graphs is a remarkable area by 
itself which brings challenges both in probabilistic and explicit constructions. For example, Bhatt, 
Chung, Leighton, and Rosenberg |BCLR89] give an explicit construction of a graph with only 
0&{n) edges which contains all n- vertex trees with maximum degree at most A. More recently, 
Johannsen, Krivelevich, and Samotij [JKS12] showed a number of universality results for spanning 
trees of maximum degree A = A(n) both for random graphs, and for expanders. For example, they 
show universality for this class of each graph with a large Cheeger constant that satisfies a certain 
connectivity condition. 

Friedman and Pippenger |FP87| extended Posa's rotation-extension technique from paths to 
trees by and found many applications (e.g. [HK95tlHax01[lBCPS10j ). Sudakov and Vondrak |SV10j 
use tree-indexed random walks to embed trees in K s j-free graphs (this property implies expansion); 
a similar approach is employed by Benjamini and Schramm [BS97] in the setting of infinite graphs. 

In our proof of Theorem II. 3( embedding trees in expanders play a crucial role, too. However, 
our notion of expansion is very different from those studied previously. (Actually, we introduce 
two, very different, notions in Definitions 14.21 and 14.61 ) 

Minimum degree conditions for spanning trees. Recall that the tight min-degree condition 
for containment of a general spanning tree T in an n- vertex graph G is the trivial one, deg mm (G) ^ 
n — 1. However, the only tree which requires this bound is the star. This indicates that this 
threshold can be lowered substantially if we have a control of deg max (T). Szemeredi and his 
collaborators |KSS01trCLNGS10] showed that this is indeed the case, and obtained tight min-degree 
bounds for certain ranges of deg max (T). For example, if deg max (T) ^ n ^ 1 ), then deg mm (G) ^ 
(^ + o(l))n is a sufficient condition. (Note that G may become disconnected close to this bound.) 

1.5 Overview of the proof of Theorem 11.31 

The structure of the proof of Theorem 11.31 resembles the proof of the dense case, Theorem 11.51 We 
obtain an approximate representation — called sparse decomposition — of the graph Gyj fjjj} Then 
we find a suitable combinatorial structure inside the sparse decomposition. Finally, we embed the 
tree T^r jy^j] into G^^ fO! usm S tins structure. 

First, let us give a short outline of how the manuscript is structured. We use Sections [2HE] to 
introduce all tools necessary for the proof of Theorem 11.31 which is given in a relatively short form 
in Section [9l Section []JJ contains some concluding remarks. 

The preparation for the proof of the main theorem during Sections [2HS] starts with introducing 
some general preliminaries in Section [2j Then, in Section El the tree ^ JT^] is pre-processed by 
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1.5 Overview of the proof of Theorem \1.3\ 



being cut into tiny subtrees, with few connecting vertices. 

Sections SH3 deal with the graph Gy jJ^j} First, Section U] introduces the notion of the sparse 
decomposition which captures an approximate representation of Gy jTJg} (Such a sparse decompo- 
sition exists for all graphs, and in a sense is comparable with the Szemeredi regularity partition.) 
Then, in Sections [5] and [6] we gather more structural information, specifically using the properties of 
graphs from LKS(n,fc,a). This finally leads to several possible "configurations", as we call them, 
presented in Section [7J These configurations give a quite precise description of C^- jy^] that can be 
used for tree embedding. 

Finally, in Section [8] we introduce techniques for embedding small trees in a graph, based on the 
configurations we found in Section [7J In addition to the standard filling-up-a-regular-pair technique 
usually employed in conjunction with the regularity method, we employ several other techniques 
adapted to the diverse other parts of our sparse decomposition. 

A scheme of the proof is given in Figure 11.31 

Let us describe now the key ingredients of the proof in more detail. The input graph G^- jr^] G 
LKS(ra, /c,a) has @(kn) edgeslfl Recall that the Szemeredi Regularity Lemma gives an approxi- 
mation of dense graphs in which o(n 2 ) edges are neglected. In analogy, the sparse decomposition 
captures all but at most o(kn) edges. The vertices of G^q fol are partitioned into vertices of degrees 
S> k and vertices of degree 0(k). Further, the graph induced by the latter set is split into regular 
pairs (in the sense of the Szemeredi Regularity Lemma) with clusters of sizes @(k), and into two 
additional parts which exhibit certain expansion properties (the expansion properties of these two 
parts are different). The vertices of huge degrees, the regular pairs, and the two expanding parts 
form the sparse decomposition of Gy JJ^ It is well-known that regular pairs are suitable for em- 
bedding small trees. In Section [8] we work out techniques for embedding small trees in each of the 
three remaining parts of the sparse decomposition. 

Tree-embedding results in the dense setting (e.g. Theorem ll.5p rely on finding a matching 
structure in the cluster graph. Indeed, this allows one to distribute different parts of the tree in the 
matching edges. In analogy, in Lemma 16. II we find a structure which combines all four components 
of the sparse decomposition, and which we call the rough structure. Not only all parts of the sparse 
decomposition are contained in the rough structure, but also, on top of these, an additional object, 
which we call a semiregular matching. This is found with the help of Lemma 15.101 a step which 
we call "augmenting a matching" . The necessity of this step is discussed in detail in Section 16.21 

However, the rough structure is not immediately suitable for embedding T^r jj^gj , and we shall 
further refine it in Section [J. 71 to one often configurations, denoted by (ol)-(olO). Obtaining these 
configurations from the rough structure is based on pigeonhole- type arguments such as: if there are 
many edges between two sets, and few "kinds" of edges, then many of the edges are of the same 
kind. The different kinds of edges come from the sparse decomposition (and allow for different kinds 

3 Indeed, an easy counting argument gives that e(Gy JY3j ) ^ fcn/4. On the other hand, we can assume that 
e (G > r fiY^ < kn, as otherwise G^ jj^g] contains a subgraph with minimum degree at least fc, and the assertion of 
Theorem 11.31 follows. 
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creating a gap in the degree sequence 
Lemma 4.1 



Regularity Lemma for locally dense graphs 
Lemma 2.13 



decomposition of LKS graphs 
Lemma 4.14 




decomposition of bounded degree graphs 
Lemma 4.13 



decomposition of G 




augmenting a matching 
Lemma 5.10 



structure of LKS graphs 
Lemma 6.1 



rough structure in G 




obtaining configurations I 
Lemma 7.33 



obtaining configurations II 
Lemma 7.34 



obtaining configurations III 
Lemma 7.35 




(ol) 
Lemma 8.15 



(o2) - (o5) 
Lemma 8.18 



(o6)-(o8) 
Lemma 8.23 



(o9) 
Lemma 8.24 



(♦10) 
Lemma 8.25 



embedding T in G 



Figure 1.3: Structure of the proof of Theorem 11.3 
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of embedding techniques). Just "homogenizing" the situation by restricting to one particular kind 
is not enough, we also need to employ certain "cleaning lemmas" — Lemmas 17.27147311 A simplest 
such lemma would be that a graph with many edges contains a subgraph with a large minimum 
degree; the latter property evidently being more directly applicable for a sequential embedding of 
a tree. The actual cleaning lemmas we use are complex extensions of this simple idea. 

Finally, in Section (8J we show how to embed the tree T^r jj^ This is done by first establishing 
some elementary embedding lemmas for small subtrees in Section 18.31 and then combine these in 
Section [831 for each of the cases (ol)-(olO) to yield an embedding of the entire tree T^jjjjj 

2 Notation and preliminaries 

In this section we recall some standard terminology and introduce some further specific notation. 
We also state some basic results from graph theory. 

2.1 Notation 

The set {1,2,... ,n} of the first n positive integers is denoted by [n]. Suppose that we have a 
nonempty set A, and X and y each partition A. Then EE denotes the coarsest common refinement 
of X and y, i.e., 

X EE y := {X n Y : X G X, Y G y} \ {0} . 

We frequently employ indexing by many indices. We write superscript indices in parentheses 
(such as a^), as opposed to notation of powers (such as a 3 ). We use sometimes subscript to refer 
to parameters appearing in a fact /lemma/theorem. For example Q^r jT^l refers to the parameter 
a from Theorem 11.31 We omit rounding symbols when this does not affect the correctness of the 
arguments. 

We use lower case greek letters to denote small positive constants. The exception is the letter <j> 
which is reserved for embedding of a tree T in a graph G, 4> : V(T) — > V(G). The capital greek 
letters are used for large constants. 

2.2 Basic graph theory notation 

All graphs considered in this paper are finite, undirected, without multiple edges, and without self- 
loops. We write V(G) and E(G) for the vertex set and edge set of a graph G, respectively. Further, 
v(G) = \V(G)\ is the order of G, and e(G) = \E(G)\ is its number of edges. If X,Y C V(G) are 
two, not necessarily disjoint, sets of vertices we write e(X) for the number of edges induced by X, 
and e(X,Y) for the number of ordered pairs (x,y) G X x Y such that xy G E{G). In particular, 
note that 2e(X) = e(X,X). 

For a graph G, a vertex v G V(G) and a set U C V(G), we write deg(u) and deg(v, U) for the 
degree of v, and for the number of neighbours of v in U, respectively. We write deg min (G) for the 
minimum degree of G, deg mm (?7) := min{deg(u) : u G U}, and deg mm (Vi, V2) = min{deg(u, V2) : 
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2.2 Basic graph theory notation 



u eV±} for two sets Vi, Vi C V(G). Similar notation is used for the maximum degree, denoted by 
deg max (G). The neighbourhood of a vertex v is denoted by N(u). We set N(J7) := (Juef/ The 
symbol — is used for two graph operations: if U C V{G) is a vertex set then G — U is the subgraph 
of G induced by the set V{G) \ U. If H C G is a subgraph of G then the graph G — H is defined 
on the vertex set V^(G) and corresponds to deletion of edges of H from G. 
A subgraph H C G of a graph G is called spanning if = 1^(G). 

The mil/ graph is the unique graph on zero vertices, while any graph with zero edges is called 
empty. 

A family A of pairwise disjoint subsets of V(G) is an l-ensemble in G if \A\ ^ £ for each A £ A. 
We say that A is inside X (or outside F) if i C J (or i n 7 = 0) for each A G A. 

If T is a tree and r G ^(7"), then the pair (T, r) is a rooted tree with root r. We then write 
V Q dd(T,r) C V(T) for the set of vertices of T of odd distance from r. Analogously we define 
V even (T,r). Note that r G V cvcn (T, r) C V(T). The distance between two vertices t>i and v 2 in a 
tree is denoted by dist(t>i, t^). 

We next give two simple facts about the number of leaves in a tree. These have already 
appeared in [Zhallj and in |HPj (and most likely in some more classic texts as well). Nevertheless, 
for completeness we shall include their proofs here. 

Fact 2.1. Let T be a tree with color-classes X and Y , and v(T) ^ 2. Then the set X contains at 
least \X\ — \ Y\ + 1 leaves ofT. 

Proof. Root T at an arbitrary vertex r G Y. Let / be the set of internal vertices of T that belong 
to X. Each v £ I has at least one immediate successor in the tree order induced by r. These 
successors are distinct for distinct v G / and all lie in Y \ {r}. Thus |/| ^ \Y\ — 1. The claim 
follows. □ 

Fact 2.2. Let T be a tree with t vertices of degree at least three. Then T has at least £ + 2 leaves. 

Proof. Let D\ be the set of leaves, D2 the set of vertices of degree two and D3 be the set of vertices 
of degree of at least three. Then 

2{\D 1 \ + \D 2 \ + \Dz\)-2 = 2v{T)-2 = 2e{T)= ^ d *g{v) > \D X \ + 2\D 2 \ + 3\D 3 \ , 

veV(T) 

and the statement follows. □ 

For the next lemma, note that for us, the minimum degree of the null graph is 00. 

Lemma 2.3. For all £,n G N, every n-vertex graph G contains a (possibly empty) subgraph G' 
such that deg min (G / ) ^ £ and e(G') ^ e(G) -(£- l)n. 

Proof. We construct the graph G' by sequentially removing vertices of degree less than £ from the 
graph G. In each step we remove at most £ — 1 edges. Thus the statement follows. □ 
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2.3 LKS-minimal graphs 



We finish this section with stating the Gallai-Edmonds matching theorem. A graph H is called 
factor- critical if H — v has a perfect matching for each v G V(H). The following statement is a 
fundamental result in matching theory. See [LP86j . for example. 

Theorem 2.4 (Gallai-Edmonds matching theorem). Let H be a graph. Then there exist a set 
Q Q V(H) and a matching M of size \Q\ in H such that 

1) every component of H — Q is factor- critical, and 

2) M matches every vertex in Q to a different component of H — Q. 
The set Q in Theorem 12.41 is often referred to as a separator. 



2.3 LKS-minimal graphs 

Given a graph G, denote by the set of those vertices of G that have degree less than (l + rj)k 

and by L„ fe(G) the set of those vertices of G that have degree at least (1 + r^/cQ Thus the sizes 
of the sets §^(6?) and ^(G) are what specifies the membership to LKS(re, k, rj) (which we had 
defined as the class of all n-vertex graphs with at least (| -\-rj)n vertices of degrees at least (l + r])k). 

Define LKSmin(n, k, rj) as the set of all graphs G G LKS(re, k,rj) that are edge-minimal with 
respect to the membership in LKS(n, k, rf). In order to prove Theorem 1 1.31 it suffices to restrict our 
attention to graphs from LKSmin(ra, k, rj), and this is why we introduce the class. Let us collect 
some properties of graphs in LKSmin(n, k, rj) which follow directly from the definition. 

Fact 2.5. For any graph G G LKSmin(n, k, rj) the following is true. 

1. Sjj^G) is an independent set. 

2. All the neighbours of every vertex v G V(G) with deg(u) > [(1 + rj)k] have degree exactly 

Ki + ^k]. 

3. \L v ,k{G)\ < [(1/2 + n)n] + 1. 

Observe that every edge in a graph G G LKSmin(n, k, rj) is incident to at least one vertex of 
degree exactly [(1 + rj)k~\ . This gives the following inequality. 



e{G) ^ \(l + r,)k] m, fc (G)| ™ [(1 + n)k] 



+ 1 < kn . (2.1) 



(The last inequality is valid under the additional mild assumption that, say, rj < ^ and n > k > 20. 
This can be assumed throughout the paper.) 

Definition 2.6. Let LKSsmall(n, k, rf) be the class of those graphs G G LKS(n, k,rf) for which 
we have the following three properties: 



"S" stands for "small", and "L" for "large" 
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2.4 Regular pairs 

1. All the neighbours of every vertex v £ V(G) with deg(v) > + 2r))k] have degrees at most 
\(l + 2r,)k]. 

2. All the neighbours of every vertex o/S^ i fc(G) have degree exactly [~(1 + rf)k~\ . 

3. We have e{G) < kn. 

Observe that the graphs from LKSsmall(n, k, if) also satisfy [TJ, and a quantitatively somewhat 
weaker version of [2j of Fact 12.51 This suggests that in some sense LKSsmall(ra, k, rf) is a good 
approximation of LKSmin(n, k, rf). 

As said, we will prove Theorem 11.31 only for graphs from LKSmin(n, k, n). However, it turns 
out that the structure of LKSmin(n, k, rf) is too rigid. In particular, LKSmin(n, k, rf) is not 
closed under discarding a small amount of edges during our cleaning procedures. This is why the 
class LKSsmall(n, k, rf) comes into play: starting with a graph in LKSmin(n, k, rf) we perform 
some initial cleaning and obtain a graph that lies in LKSsmall(n, k, i]/2). We then heavily use its 
structural properties from Definition 12.61 throughout the proof. 



2.4 Regular pairs 

In this section we introduce the notion of regular pairs which is central for Szemeredi's Regularity 
Lemma and its extension which we discuss in Section 12.51 We also list some simple properties of 
regular pairs. 

Given a graph H and a pair (U, W) of disjoint sets U,W C V(H) the density of the pair (U, W) 
is defined as 

Similarly, for a bipartite graph G with colour classes U, W we talk about its bipartite density 
d(G) = ]£7[jpj7j ■ For a given e > 0, a pair (U, W) of disjoint sets U, W C V{H) is called an e-regular 
pair if \d{U,W) - d(l/',W')| < e for every U' C U, W C W with |Z7'| ^ e\U\, \W'\ ^ e\W\. If the 
pair (U, W) is not e-regular, then we call it e-irregular. A stronger notion than regularity is that of 
super-regularity which we recall now. A pair (A,B) is (e, *y) -super-regular if it is e-regular, and we 
have deg min (A,B) ^ ~/\B\, and deg mill (B, A) ^ j\A\. Note that then (A,B) has bipartite density 
at least 7. 

We list two useful and well-known properties of regular pairs. 

Fact 2.7. Suppose that (U,W) is an e-regular pair of density d. Let U' C W,W' C W be sets of 
vertices with \U'\ ^ ct\U\, \W'\ ^ o;|W|, where a > e. Then the pair (U',W') is a 2e/a-regular pair 
of density at least d — e. 

Fact 2.8. Suppose that (U, W) is an e-regular pair of density d. Then all but at most e\U\ vertices 
v £ U satisfy deg(v,W) > (d-e)\W\. 

The following fact states a simple relation between the density of a (not necessarily regular) 
pair and the densities of its subpairs. 
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2.4 Regular pairs 



Fact 2.9. Let H = (U,W;E) be a bipartite graph of d(U, W) a. Suppose that the sets U and 
W are partitioned into sets {Ui}i^i and {Wj}j^j, respectively. Then at most j3e(H)/a edges of H 
belong to a pair (Ui, Wj) with d(Ui, Wj) ^ (3. 

Proof. Trivially, we have 

V M-l (22) 
Consider a pair {U u Wj) of d{U u Wj) < /3. Then 

Summing over all such pairs (Ui,Wj) and using fj2.2j) yields the statement. □ 

The next lemma asserts that if we have many e-regular pairs (R,Qi), then most vertices in R 
have approximately the total degree into the set |J i Qi that we would expect. 

Lemma 2.10. Let Q±, . . . ,Qj> and R be disjoint vertex sets. Suppose further that for each i G [£], 
the pair (R, Qi) is e-regular. Then we have 

(a) deg(v, \J i Qi) ^ ^^^jm ^ ~ £ \\JiQi\ f or a ^ but at most e\R\ vertices v G R, and 

(b) deg(i>, [J i Qi) < -^-rk ^ + e IUi Qi\ f or a tt but at most e\R\ vertices v G R. 

Proof. We prove (jaj), the other item is analogous. Suppose for contradiction that (jaj) does not 
hold. Without loss of generality, assume that there is a set X C R, \X\ > e|i?| such that 

~W 

1*1. 



— e\ (J Qi\ > deg(v, \J Qi) for each v G X. By averaging, there is an index i G [£] such that 



'jgle(R,Qi) - e\X\\Qi\ > e(X,Qi), or equivalently, 

d(R,Qi)-e>d(X,Qi) . 
This is a contradiction to the e-regularity of the pair (R,Qi). □ 

We use Lemma 12.101 to obtain the following. 

Corollary 2.11. Let Qi, ■ ■ ■ ,Qe and R be disjoint vertex sets, each of size at most q, such that 
for each i G [£], the pair (R,Qi) is e-regular. Assume that more than e\R\ vertices of R have 
degree at least x into [jQi, but each v G R has neighbours in at most z of the sets Qi. Then 
deg(u, |Jj Qi) ^ x — 2ezq for all but at most e\R\ vertices of R. 

Proof. For each w G R, let L w C [£] be the set of those indices i for which there is at least one edge 
from w to Qi. Now, by Lemma l2.10lfb"j) there is a vertex v G R whose degree into UieM * s a ^ 

least x and whose degree into U ie j c Qi is at most ^nfft — + e |Uie/„ Qi\- So, 

x $ deg(„, (J Qi) = deg(,, |J Qi) < e ^ <?0 + e| y ft| ^ ^j^g*) + £zq _ 

Thus by Lemma I2.10[ jaj) all but at most e\R\ vertices of R have degree at least x — 2ezq into 
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2.5 Regularizing locally dense graphs 




Figure 2.1: A locally dense graph as in Lemma [2.131 The sets Wx, . . . , We are depicted with 
grey circles. Even though there is a large number of them, each Wi is linked to only boundedly 
many other Wj's (at most four, in this example). Lemma [2.131 allows us to regularize all the 
bipartite graphs using the same system of partitions of the sets W% . 



2.5 Regularizing locally dense graphs 

The Regularity Lemma |Sze78j has proved to be a powerful tool for attacking graph embedding 
problems; see [KO09] for a survey. We first state the lemma in its original form. 

Lemma 2.12 (Regularity lemma). For all e > and £ £ N there exist uq,M £ N such that for 
every n ^ no the following holds. Let G be an n-vertex graph whose vertex set is pre-partitioned 
into sets V\, . . . , Vy , £' ^ I. Then there exists a partition Uq, U±, . . . , U„ of V(G), £ < p < M, with 
the following properties. 

1) For every i,j £ [p] we have \Ui\ = \Uj\, and \Uq\ < en. 

2) For every i £ \p] and every j £ [£'] either UiCiVj = or Ui QVj. 

3) All but at most ep 2 pairs (Ui,Uj), i,j £ [p\, i ^ j, are e-regular. 

We shall use Lemma 12.121 for auxiliary purposes only as it is helpful only in the setting of dense 
graphs (i.e., graphs which have n vertices and f2(n 2 ) edges). This is not necessarily the case in 
Theorem 11.31 For this reason, we give a version of the Regularity Lemma — Lemma [2.131 below — 
which allows us to regularize even sparse graphs. 

More precisely, suppose that we have an ?i-vertex graph H whose edges lie in bipartite graphs 
H[Wi, Wj], where {W\, . . . , Wi} is an ensemble of sets of size 0(fc). Although I may be unbounded, 
for a fixed % £ [£] there are only a bounded number, say m, of indices j £ [£] such that H[Wi, Wj] 
is non-empty. See Figure 12.11 for an example. Lemma 12.131 then allows us to regularize (in the 
sense of the Regularity Lemma 12. 12f) all the bipartite graphs G[Wj, Wj] using the same partition 
{Wf } UWf } U . . . UW} Pl) = Wi}\ =1 . Note that when \W t \ = @(k) for all i £ [£] then H has at most 

@(k 2 ) -m-£^ &{k 2 ) ■ m ■ = ®{kn) 
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edges. Thus, when k <C n, this is a regularization of a sparse graph. This "sparse Regular- 
ity Lemma" is very different to that of Kohayakawa |Koh97] ). Indeed, Kohayakawa's Regularity 
Lemma deals with graphs which have no local condensation of edges, such as subgraphs of random 
graphs. Consequently, the resulting regular pairs are of density o(l). In contrast, Lemma 12.131 
provides us with regular pairs of density 0(1), but, on the other hand, is useful only for graphs 
which are locally dense. 

Lemma 2.13 (Regularity Lemma for locally dense graphs). For all m, z G N and e > there 
exists (/maxcl 6 N such that the following is true. Suppose H and F are two graphs, V(F) = [£] 
for some l£N, and deg max (F) m. Suppose that Z = {Z±, . . . , Z z } is a partition of V(H). Let 
{W±, . . . , Wg} be a qmaxcl- ensemble in H , such that for all i,j G [£] we have 

2\Wi\ > | Wj | . (2.3) 

Then for each i G [£] there exists a partition W 4 , W^ , . . . , Wf* of the set Wj such that for all 
i,j G [£] we have 

(a) l/e ^ pi ^ gMAXCL, 

(b) \Wp\ = \ Wp\ for each i' G [ Pi ], f G [ Pj ], 

(c) for each i' G \pi\ there exists x G [z] such that ^ C Z x , 

(d) Ei\wt ) \<^i\W i \ ! and 

(e) at most e \y\ pairs (w!f \ Ms}' form an e-irregular pair in H , where 

y : = [{wf\wf } ) : ij G E(F),i> G [ Pl },f G [ Pj ]} . 

We use Lemma 12.131 in Lemma 14.131 Lemma 14.131 is in turn the main tool in the proof of our 
main structural decomposition of the graph Gyjfjjn Lemma 14.141 In the proof of Lemma 14.131 
we decompose G^i fO] into several parts with very different properties, and one of these parts is a 
locally dense graph which can be then regularized by Lemma 14.131 A similar Regularity Lemma is 
used in [AKSSj . 

The proof of Lemma 12.131 is similar to the proof of the standard Regularity Lemma I2.12[ as 
given for example in |Sze78j . We assume the reader's familiarity with the notion of the index (a.k.a. 
the mean square density), and of the Index-pumping Lemma from there. We sketch the proof of 
Lemma 12.131 below. 

Sketch of a proof of Lemma \2.1S[ For the sake of brevity, we omit respecting the prepartition Z in 
this sketch; this step is standard. 

Before sketching a proof of the lemma, let us describe how a more naive approach fails. For 
each edge ij G E(F) consider a regularization of the bipartite graph H[Wi,Wj], let {^Vii'efe j] 
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be the partition of Wj into clusters, and let {£/■ ^ }j'^[ qj j be the partition of into clusters such 
that almost all pairs (U^\ ^) C (Wi, Wj) form an e'-regular pair (for some e' of our taste). We 
would now be done if the partition {U^}i/^ qf ] of Wj was independent of the choice of the edge 
ij. This however need not be the case. The natural next step would therefore be to consider the 
common refinement 

ffl {uWu\ 

j:ij£E(F) 1 J*'efe] 

of all the obtained partitions of Wi. The pairs obtained in this way lack however any regularity 
properties as they are too small. Indeed, it is a notorious drawback of the Regularity Lemma that 
the number of clusters in the partition is enormous as a function of the regularity parameter. In 

1 • (i' ) 

our setting, this means that qij 3> p-. Thus a typical cluster U^l occupies on average only a 

1 (i' ) (i' ) (i' ) (i' ) 

fraction of the cluster U- 2 , and thus already the set U- J n U- 2 C J7. 2 is not substantial (in 

the sense of the regularity) . The same issue arises when regularizing multicolored graphs (cf . |KS96|. 
Theorem 1.18]). The solution is to impel the regularizations to happen in a synchronized way. 

We first recall the proof of the original Regularity Lemma [2.121 which we then modify. Actually, 
it better suits our situation to illustrate this on a procedure which regularizes a given bipartite 
graph G = (A,B;E). We start with arbitrary bounded partitions Wa and Wb of A and B. 
Sequentially, we look whether there is a witness of irregularity of Wa an d Wb- If there is, then the 
partition Wa and Wb can be refined so that the index increases. The facts that one can control 
the increase of the complexity of the partitions, and that the index increases substantially are the 
keys for guaranteeing that the iteration terminates in a bounded number of steps. 

By Vizing's Theorem we can cover the edges of F by disjoint matchings M\, . . . ,M m+ \. For 
each i G [m + 1] we shall introduce a variable indj. The variable indj is the average index of the 
bipartite graphs which correspond to the edges of Mi and the current partitions of the sets W x . In 
each step i G [m+1], we refine simultanously partitions in all bipartite graphs G[W X , W y ] (xy G Mj) 
which possess witnesses of irregularity. More precisely, assume that in a certain step each set W z 
is partitioned into sets W z . We then define 

indi = W\ ^ ind ( w -' w v) ■ if M i + ' and 

indj = 1 , otherwise. 

where ind is the usual index. The Index-pumping Lemma asserts that when refining the partition 
of G[We, W y ] the value ind(Wa;, W y ) increases substantially. The fact that Mj is a matching allows 
us to perform these simultaneous refinements without interference. It is well-known that none of 
indj (j < i) did decrease during pumping indj up. Thus after a bounded number of steps there are 
no witnesses of irregularity in the graphs G[W x ,W y ] (xy G E(H)) with respect to the partitions 
W x ,W y . This suffices to give the statement. □ 

Usually after applying the Regularity Lemma to some graph G, one bounds the number of 
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edges which correspond to irregular pairs, to regular, but sparse pairs, or are incident with the 
exceptional sets Uq. We shall do the same for the setting of Lemma 12.131 



Lemma 2.14. In the situation of Lemma \2.1S[ suppose that deg ma,x (H) ^ Vtk and e(H) ^ kn, and 
that each edge xy G E(H) is captured by some edge ij G E(F), i.e., x G Wi, y G Wj. Moreover 
suppose that 

d{Wi,Wj)^j ifij eE(F). (2.4) 

Then all but at most (y + eQ, + j)nk edges of H belong to regular pairs (W^ , W^), i,j / 0, of 
density at least 7 2 . 

Proof. Set w := m.in{\Wi\ : i G V(F)}. By (|2.4j) . each edge of F represents at least ^w 2 edges 
of H. Since e(H) ^ kn it follows that e(F) ^ kn/{^w 2 ). Thus, by the assumption (|2,3D . 
YIabgE(F) 1^11-^1 ^ e(F)(2w) 2 ^ ^p. Using (jej) of Lemma [2.131 we get that the number of edges 
of H contained in e-irregular pairs from y is at most 

^ . (2.5) 

7 

Write E\ for the set of edges of H which are incident with a vertex in UieM Then by (jdj 
of Lemma [2. 131 and since deg max (ff) ^ fi/c, 

l^i | ^ eVLnk . (2.6) 

Let E2 be the set of those edges of H which belong to e-regular pairs {wf\wP) with 
ij G E(F),i' G \pi], f G [pj] of density at most 7 2 . We claim that 

\E 2 \ < 7^ ■ (2-7) 

Indeed, because of (|2.4j) and by Fact 12.91 (with o^pJJTJ] := 7 anc ^ A>e [2~91 := 7 2 )' ^ or eacn U £ ^(^) 
there are at most 7e#(Wi, Wj) edges contained in the bipartite graphs H[W^ \ Wj \, %' G [pi], J -/ G 

bi], with d^wf^wf ) < 7 2 - Since Ei ieS (F) e H (Wi, Wj) < fcn, the validity of ([22]) follows. 
Combining (|2.5[) , (|2.6p , and fj2.T[) we finish the proof. □ 



3 Cutting trees: £-fine partitions 

The purpose of this section is to introduce some notation related to trees. The notion of an £-fine 
partition of a tree shall be of particular interest. Roughly speaking, an ^-fine partition of a tree 
T G trees(fc) is a partition of the T into a small number of cut-vertices and subtrees of order at 
most £ with some additional properties. This notion is essential for our proof of Theorem 11.31 as 
we use a certain sequential procedure to embed ^r jy^gj into the host graph Gy jjjfl embedding a 
subtree after subtree. 

Let T be a tree rooted at r, inducing the partial order ■< on V(T) (with r as the minimal 
element). If a ^ b and ab G E(T) then we say b is a child of a and a is the parent of b. Ch(a) 
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denotes the set of children of a, and the parent of a vertex b ^ r is denoted Par (6). For a set 
U C V(T) write Par(C7) := U« e[ /\ W Par(u) \ C/ and Ch(tf) := [j ueU Ch(u) \ CT. 

We say that a tree T' C T is induced by a vertex x G V(T) if V(T') is the up-closure of x in 
V(T), i.e., V(T') = {v e V(T) : x<v}. We then write V = T(r,t x), or T' = T(t a?), if the root 
is obvious from the context and call T' an end subtree. Subtrees of T that are not end subtrees are 
called internal subtrees. 

Let T be a tree rooted at r and let T' C T be a subtree with r V(T'). The seed o/T' is the 
^-maximal vertex x G V(T) \ V(T") such that x H « for all v G V(T'). We write Seed(T') = x. 
A fruit in a rooted tree (T, r) is any vertex u G V(T) whose distance from r is even and at least 
four. 

We can now state the most important definition of this section. 

Definition 3.1 (£-fine partition). Let T £ trees (A;) 6e a tree rooted at r. An £-fine partition of 
T is a quadruple (Wa, Wb,Sa,Sb), where Wa,Wb C V(T) and Sa, <Sb are families of subtrees of 
T such that 

(a) the three sets Wa, Wb and {V(T*)}t*£S a us b partition V(T), 

(b) r G WaUWb, 

(c) max{\W A \,\W B \} < 336Jfe/i, 

(d) for W\,W2 G Wa U i/ie distance dist(iux, u>2) is odd «/ and only if one of them lies in Wa 
and the other one in Wb, 

(e) v(T*) < t for every tree T* G Sa U Sb, 

(f) V(T*) n N(W B ) = /or every T* G 5 A and V(T*) n N(W A ) = /or every T* eS B , 

(g) each tree of Sa U 5b /ias its seed in Wa U Wb, 

(TiJ |V(T*) n N(Wa U W b )\ < 2 /or eac/i T* G 5 A U 5b, 

(%) i/ V(T*) n N(Wa U Wb) contains two distinct vertices y\, 2/2 for some T* G Sa U 5b, taen 
dist(yi,y 2 ) > 4, 

(jj if T\,T2 G 5,4 U 5b are two internal subtrees of T such that v\ G T\ precedes V2 G T2 i/ien 
distr(vi, ^2) > 2, 

(TcJ 5b does not contain any internal tree ofT, and 

T* end tree of T 
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Remark 3.2. It is easy to see that any l-fine partition (Wa,Wb,Sa,Sb) of a tree (T,r) is deter- 
mined once we know the set W = Wa^Wb, except possibly for being able to swap Wa with Wb and 
Sa with Sb- Indeed, the division ofW into two sets W' and W" follows the bipartition ofT, and 
conditions (jk]) and ^ determine which ofW , W" is Wa unless T — W contains no internal trees 
and (|IJ) would hold either way. During the proof of Lemma \3.4\ below we shall therefore sometimes 
just say one of the conditions (jaj)-(JI|) holds for the set W , and not explicitly mention the tuple 
(Wa,Wb,Sa,S b ). 

Remark 3.3. Suppose that (Wa,Wb,Sa,Sb) is & n (--fine partition of a tree (T,r), and suppose 
that T* £ S A U S b is such that \V(T*) n N(W A U W B )\ = 2. Let us root T* at the neighbour n of 
its seed, and let ri be the other vertex of V(T*) n N(W^ U Wb)- Then ((d|), (JfJ) , and §j§ imply that 
r2 is a fruit in {T* , r\) . 

The following is the main lemma of this section. It asserts that each tree of order k has £-fine 
partitions for all values of £ ^ k. 

Lemma 3.4. Let T £ trees(A;) be a tree rooted at r and let I £ N with £ ^ k. Then T has an l-fine 
partition. 

Similar but simpler tree-cutting procedures were used in other literature concerning the Loebl- 
Koml6s-S6s Conjecture in the dense setting, cf. jAKS95} HP} IPS12} IZhallj . There, using the 
notation of Conjecture II. 2\ the trees in Sa U Sb of an £-fine partition of a tree T G trees(fc) are 
embedded in regular pairs of a Regularity Lemma decomposition of the host graph G. In the 
current paper however, a more complex decomposition result (Lemma I4.14p than the Regularity 
Lemma is used to capture the structure of G. To this end we had to further strengthen the features 
of the ^-fine partition. In particular, features (jhj), ([j}, of Definition 13.11 were introduced to handle 
the more complex embedding procedures in our setting. 

Remark 3.5. (i) In our proof of Theorem 1 1.3[ we shall apply Lemma \3.4\ to a tree T^r jj^j £ 
trees(fc). The number l >1 [3^| will be linear in k, and thus (jcj) of Definition \3.1\ tells us that 
the size of the sets Wa and Wb is bounded by an absolute constant. 

(ii) Each internal tree in Sa of an l-fine partition has a unique vertex from Wa above it. Thus 
with l >t ]gi[] as above also the number of internal trees in Sa is bounded by an absolute constant. 
This need not not be the case for the number of end trees. For instance, if (T^- jTiBl r ) * s a s ^ ar 
with k — 1 leaves and rooted at its centre r then Wa = {r} while the k — 1 leaves of ^r jy-gj 
form the end shrubs in Sa- 

Proof of Lemma \3.4\ First we shall use an inductive construction to get candidates for Wa, Wb, 
Sa and Sb, which we shall modify later on, so that they satisfy all the conditions required by 
Definition 13.11 

Set To := T. Now, inductively for % 1 choose a ^-maximal vertex Xi £ V(Ti_i) with the 
property that v (T_i(t ac»)) > t. We set Tj := T_i - (V(T 4 _i(t xi)) \ {xj). If, say at step i = i cnd , 
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no such Xi exists, then «(Tj_i) ^ t. In that case, set X{ := r, set W\ := {xi} 1 ^ and terminate. 
The fact that u(Tj_i — V(Tj)) ^ £ for each i < i on( j implies that 

|Wi| - 1 = y-ia/<. (3-1) 

Let C be the set of all components of the forest T — Wi. Observe that by the choice of the Xi 
each T* G C has order at most t. 

Let ^4 and -B be the colour classes of T such that r £ A. Now, choosing Wa as Wi D A and W£ 
as Wi fl B and dividing C adequately into sets Sa and Sb would yield a quadruple that satisfies 
conditions (jaj), (jb]), (jcj), (jd]), (jej) and (jgj). In order to find also the remaining properties satisfied, 
we shall refine our tree partition by adding more vertices to W±, thus making the trees in 5,4 U Sb 
smaller. In doing so, we have to be careful not to end up violating (jcj). We shall enlarge the set 
of cut vertices in several steps, accomplishing sequentially, in this order, also properties ([h]), (Q), 
(0, <JTJ> , and in the last step at the same time (jk]) and (jj). It will be easy to check that in each of 
the steps none of the previously established properties is lost, so we will not explicitly check them, 
except for (jcj). 

For condition (jhj), first define T' as the subtree of T that contains all vertices of W\ and all 
vertices that lie on paths in T which have both endvertices in W\. Now, if a subtree T* G C does 
not already satisfy ([h]) for W\, then V(T*) n V(T') must contain some vertices of degree at least 
three. We will add the set Y(T*) of all these vertices to W\. Formally, let Y be the union of the 
sets Y(T*) over all T* G C, and set W 2 ■= W\ U Y. Then the components of T - W 2 satisfy ©. 

Let us upper-bound the size of the set W 2 - For each T* G C, note that by Fact 12.21 for T* n T', 
we know that |y(T*)| is at most the number of leaves of T* n T' (minus two). On the other hand, 
each leaf of T* n T' has a child in W\ (in T). As these children are distinct for different trees 
T* G C, we find that \Y\ < |Wi| and thus 

|W2|<2|iyi|. (3.2) 

Next, for condition (Q), observe that by setting W3 := W2UP&ITOV2) the components of T — W3 
fulfill §. We have 

|W 3 | < 2\W 2 \ 9 4|Wi| . (3.3) 

In order to ensure condition (Jfj), let R* be the set of the roots (^-minimal vertices) of those 
components T* of T — W3 which contain neighbours of both colour classes of T. Setting W4 := 
W3 U R* we see that (|f|) is satisfied for W4. Furthermore, as for each vertex in R* there is a distinct 
member of W3 above it in the order on T, we obtain 

|W 4 | ^ 2|W 3 | ^ 8|VFi|. (3.4) 
Next, we shall aim for a stronger version of property (Ji|), namely, 
§) if V(T*)nN T (W A UW B ) = {2/1,2/2} withyi / y 2 for some T* G 5 A U5 B , then dist(yi, y 2 ) > 6. 
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The reason for requiring this strengthening is that later we might introduce additional cut vertices 
which would "shorten T* by two". 

Consider a component T* of T — W4 which is an internal tree of T. If T* contains two distinct 
neighbours y\, yi of W4 such that disty* (yi, 2/2) < 6, then we call T* short. Observe that there are 
at most I W4I short trees, because each of these trees has a unique vertex from W4 above it. Let 
Z(T*) C V{T*) be the vertices on the path from y 1 to y 2 . Then \Z(T*)\ < 6. Letting Z be the 
union of the sets Z(T*) over all short trees in T — W4, and set W5 := W4 UZ, we obtain 

JED (Sj) 

|W 5 | < |W 4 | + 6|W 4 | < 56|Wi| 112fc/l (3.5) 

We still need to ensure ([k]) and dJ). To this end, consider the set C of all components of T — W5. 
Set C' A := {T* G C : Seed(T*) G A} and set C' B := C \ C' A . We assume that 

E u ( T *)^ E ( 3 - 6 ) 

T* &C' A : T* end tree of T T* £C' B : T* end tree of T 

as otherwise we can simply swap A and B. 

Now, for each T* G C' B that is not a end subtree of T, set X(T*) := V(T*) n N T (W 5 ). Let X 
be the union of all such sets X(T*). Observe that 

\X\ ^2\W 5 HB\ ^2\W 5 \. (3.7) 

For W := W$ U X, all internal trees of T — W have their seeds in A. This will guarantee (jkj), and, 
together with (|3.6p . also (jj). 

Finally, set VFa := VFn^4 and := WT\B, and let 5a and Sb be the sets of those components 
of T — W that have their seeds in Wa and Wb, respectively. By construction, (Wa,Wb,<Sa,<Sb) 
has all the properties of an £-fine partition. In particular, for (|c]), we find with (13.5|) and (13.7P that 
\W\ < |W 5 | + 2|W 5 nJ3| < 336A;/£ □ 

For an ^-fine partition (W^, Wb, 5a, <5b) of a rooted tree (T, r), the trees T* G 5a U 5b are 
called shrubs. An end shrub is a shrub which is an end subtree. An internal shrub is a shrub which 
is an internal subtree. A knag is a component of the forest T[Wa U Wb]. Suppose that T* G 5a 
is an internal shrub, and r* its ^ r -minimal vertex. Then T* — r* contains a unique component 
with a vertex from Nx(Wa)- We call this component principal subshrub, and the other components 
peripheral subshrubs. 

Definition 3.6 (ordered skeleton). We say that the sequence (Xq,Xi, . . . ,X m ^ is an ordered 
skeleton of the l-fine partition (Wa,Wb,Sa,Sb) of a rooted tree (T,r) if 

• Xq is a knag and contains r, and all other X^ are either knags or shrubs, 

• V({J^ m X l ) = V(T), and 

• for each i = 1, . . . , m, the subgraph formed by Xq U X\ U . . . U Xi is connected in T. 
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Directly from Definition 13 . 1 1 we get: 
Lemma 3.7. Any (.-fine partition of any rooted tree has an ordered skeleton. 

Figure |3~T1 shows an (r/c)-fine partition (Wa, Wb, $A, $b) of a binary tree T S trees(fc), for a 
fixed r > and k large. The vertices whose distance is 0(log(r~ 1 )) from the root comprise a sole 
knag of T (with respect to (Wa,Wb,Sa,Sb))- This example will be important in Section [4"31 




Figure 3.1: An (rfc)-fine partition (Wa, Wb, Sa, Sb) of a binary tree T € trees(fc). The 
elements of the set Wa are drawn as circles and those of Wb as squares. The sole knag is of 
depth 0(log(r -1 )), two in this picture. Each schematic triangle represents one end shrub of 
SaUSb- 

4 Decomposing sparse graphs 

In this section, we work out a structural decomposition of a possibly sparse graph which is suitable 
for embedding trees. Our motivation comes from the success of the Regularity Method in the 
setting of dense graphs (see }KO09j ). The main technical result of this section, the "decomposition 
lemma", Lemma [4.13l provides such a decomposition. Roughly speaking, each graph of a moderate 
maximum degree can be decomposed into regular pairs, and two different expanding parts. 

We then combine Lemma r4.13l with a lemma on creating a gap in the degree sequence (Lemma l4.ip 
to get a decomposition lemma for graphs from LKS(n, k, rj), Lemma [4.14i Lemma [4. 141 asserts that 
each graph from LKS(n, k, rj) can be decomposed into vertices of degree much larger than k, regular 
pairs, and expanding parts. As a careful reader can check from the proof of Lemma 14.141 below, 
such a decomposition is possible for any graph; in Lemma 14. 141 however we use properties specific 
to the class LKS(n, k,rj) to get some additional features of the decomposition. Indeed, we expect 
that our technique will find applications in other tree embedding problems, and possibly elsewhere. 

4.1 Creating a gap in the degree sequence 

The goal of this section is to show that any graph G £ LKSmin(n, k, rj) has a subgraph G' £ 
LKSsmall(n, k, rj/2) which has a gap in its degree sequence. Note that G 1 then contains almost 
all the edges of G. This is formulated in the next lemma. 
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4.1 Creating a gap in the degree sequence 



Lemma 4.1. Let G G LKSmin(n, k, n) and let (fii)igN be a sequence of positive numbers with 
Clj/Qj+i n 2 /100 /or a// j G N. Tfoen i/iere is an index i* ^ 100n~ 2 and a subgraph G'CG suc/i 

(tj G' G LKSsmall(n,fc,7//2), and 

no vertex v G V(G') /ias degree deg G i(v) G [f2j* A;, 

Proof. Set P := [100n^ 2 J . For i G [P] and any graph H C G define the sets JQ(iP) := G V(F) : 
deg H (i;) G [Qjfc, £Vf-l&)} and for i = R + 1 set Xj(ff) := {u G V(H) : deg H (u) G [fijfc,oo)}. As 

£ ^ deg( V ) < 4e(G) , 

ie[ii] ^ex,(G)ux l+1 (G) 

by averaging we find an index i* G [P] such that 

£ deg(.) < ^M. (4.1) 

B6X 4 .(«?)UJr i . +1 (G) 

Let Pb be the set of all the edges incident with Xi*(G) U Xi*+i(G). Now, starting with Go '■= 
G — Eq, successively define graphs Gj C Gj_i for j ^ 1 using any of the following two types of 
edge deletions: 

(Tl) If there is a vertex Vj G Xj*(Gj_i) then we choose an edge ej that is incident with vj, and 
set := Gj-i — ej. 

(T2) If there is an edge ej = UjVj of Gj_i with Uj G S^^Gj-i) and G ^Q(Gj-i) then 

we set Gj := Gj_i — ej. 

Since we keep deleting edges, the procedure stops at some point, say at step j*, when neither of 
(Tl), (T2) is applicable. Note that the resulting graph Gj* already has Property (jn]). 

Let Ei C E(G) be the set of those edges deleted by applying (Tl). We shall estimate the size 
of E\. First, observe that 

2e(G) 



U UG) 

i=i*+2 



Ui* +2 k 

Moreover, each vertex of US*+2^*(^) a PP ears a t most (f2j* + i — Q{*)k < Qi* + ik times as the 
vertex Vj in the deletions of type (Tl). Consequently, 



R+l 

U Xi(G) 

i=i*+2 



^2^W(G)_ 



i*+2 



Now, observe that the vertices in L J?! fc(G) r\S v /2,k(Gj*) have dropped their degree from (1 + n)k 
to (1 + n/2)k by operations other than (T2). So each of these vertices is incident with at least r/k/2 
edges from the set EqL) E\. Therefore, by the definition of £0, by (|4,ip . and by (|4.2|) . 

lw(G)nWGj , )N ^,(± + ^).^ ?f . 
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4.2 Decomposition of graphs with moderate maximum degree 



Thus 

W/2,k(G r )\ > \h v>k (G)\ - \TL V!k (G)nS v/2>k (G r )\ > (1/2 + 77/2)71 , 

and consequently, Gj* £ LKS(n, k, rj/2). 

Last, we obtain the graph G' by successively deleting any edge from Gj* which connects a 
vertex from : §> r ]/2,k(Gj*) with a vertex whose degree is not exactly [(1 + ^)k~\. This does not affect 
the already obtained Property (jn]), since we could not apply (T2) to Gj*. We claim that for the 
resulting graph G' we have G' 6 LKSsmall(ra, k, rj/2). Indeed, L^.fcCG") = L^ ^Gj*), and thus 
G' € LKS(n, k, r//2). Property [2] of Definition 12.61 follows from the last step of the construction 
of G' . To see Property [1] of Definition 12.61 we use Fact I2.5f 2) for G (which by assumption is in 
LKSmin(n, k, r/)). □ 

4.2 Decomposition of graphs with moderate maximum degree 

First we introduce some useful notions. We start with dense spots which indicate an accumulation 
of edges in a sparse graph. 

Definition 4.2 ((m,7)-dense spot, (m, 7)-nowhere-dense). An (m, 7)-dense spot in a graph 
G is a non-empty bipartite subgraph D = (U,W;F) of G with d(D) > 7 and deg mm (-D) > m. We 
call G (m, 7)-nowhere-dense if it does not contain any (m,^)-dense spot. 

We remark that dense spots as bipartite graphs do not have a specified orientation, that is, we 
view (U, W; F) and (W, U\F) as the same object. 

Fact 4.3. Let (U, W; F) be a (jk, j)-dense spot in a graph G of maximum degree at most £lk. Then 
max{\U\,\W\] ^ Sfc. 

Proof. It suffices to observe that 

j\U\\W\ ^ e(U,W) < deg max (G) • min{|E/|, |W|} ^ Qk ■ min{|C/|, \W\}. 

□ 

The next fact asserts that in a bounded degree graph there cannot be too many edge-disjoint 
dense spots containing a given vertex. 

Fact 4.4. Let H be a graph of maximum degree at most VLk, let v E V{H), and let D be a family 
of edge-disjoint (jk, j) -dense spots. Then less than — dense spots from T> contain v. 

Proof. This follows as v sends more than 7A; edges to each dense spot from T> it is incident with, 
the dense spots V are edge-disjoint, and deg(u) ^ Qk. □ 

Last, we include a bound concerning the total size of dense spots intersecting substantially a 
given set. 
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4.2 Decomposition of graphs with moderate maximum degree 



Fact 4.5. Let H be a graph of maximum degree at most £lk. Let Y C V(H) be a set of size at most 
Ak, andT> a family of edge- disjoint (^k,^)-dense spots. DefineD' := {D G T> : |V(-D)ny| (3k}. 
Then for the set X := \J DeV , V(D) we have \X\ < ^0-k. 

Proof. Let us count the number of certain pairs (y, D) in two different ways. 

MM n 

W|< \{(y,D) : y eY,DeV',yeV(V')}\ ^ \Y\- . 

Put together, \T>'\ < 4^. The fact now follows from Fact 14.31 □ 

Our second definition of this section might seem less intuitive at first sight. It describes a 
property for finding dense spots outside some "forbidden" set U, which in later applications will be 
the set of vertices already used for a partial embedding of a tree T^r jy-gj g trees(fe) in Theorem 11.31 
during our sequential embedding procedure. 

Definition 4.6 ((A, e, 7, /c)-avoiding set). Suppose that G is a graph andD is a family of dense 
spots in G. A set 21 C \J D& j)V(D) ^ s C^> e -> 7' &)-avoiding wii/j respect to V if for every U C V(G) 
wii/i |[7| ^ Ak the following holds that for all but at most ek vertices v £ 21. There is a dense spot 
D £T> with \UC\V(D)\ < rfk that contains v. 

Note that a subset of a (A, s, 7, /c)-avoiding set is also (A, e, 7, /c)-avoiding. 

We now come to the main concepts of this section, the bounded and the sparse decompositions. 
These notions in a way correspond to the partition structure from the Regularity Lemma, although 
naturally more complex since we deal with (possibly) sparse graphs here. Lemma 14.131 is then a 
corresponding regularization result. 

Definition 4.7 ((k, A, 7, e, u, /?)-bounded decomposition). Let V = {V\, V2, ■ ■ ■ , V^} be a parti- 
tion of the vertex set of a graph G. We say that (V, V, G reg , G exp , 21) is a (k, A, 7, e, v, p)-bounded 
decomposition of G with respect to V if the following properties are satisfied: 

1. The elements o/V are disjoint subsets ofV(G). 

2. G^g is a subgraph of G — G cxp on the vertex set U V. For each edge xy £ E(G Teg ) there are 
distinct C x B x and C y B y from V, and G[C x ,C y ] = G rcg [C x ,Cy]. Furth ermore, G[C Xl Cy\ 
forms an e-regular pair of density at least 7 2 . 

3. We have uk < |G| = \C'\ ^ ek for all C, C' £ V. 

4- T> is a family of edge-disjoint (-yk, "f)-dense spots in G — G oxp . For each D = (U, W; F) G T> 
all the edges of G[U, W] are covered by T> (but not necessarily by D). 

5. //G rcg contains at least one edge between C±,C2 £ V then there exists a dense spot D = 
(U, W;F)eV such that Gi C U and G 2 C W. 
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4.2 Decomposition of graphs with moderate maximum degree 



6. For allC G V there is V G V so that either C C V n F(Gcx P ) or C C F \ V{G cxp ). For all 
C G V andD = (U, W;F) G £> we We C n C/ G {0, C}. 

7- C CX p is a (7/c, 7) -nowhere-dense subgraph of G with deg mm (G exp ) > pk. 

8. 21 is a (A, e, 7, A;)- avoiding subset ofV(G) \ \JV with respect to dense spots T>. 

We say that the bounded decomposition (V, T>, G reg , G exp , 21) respects the avoiding threshold b 
if for each CeVre either have deg max G (C, 21) ^ b, or deg min G (C, 21) > b. 

Let us remark that "exp" in G Gxp stands for "expander" and "reg" in G Teg stands for "regu- 
lar(ity)". 

The members of V are called clusters. Define the cluster graph G reg as the graph on the vertex 
set V that has an edge C\C 2 for each pair (C\, C2) which has density at least 7 2 in the graph G rcg . 

Property [6] tells us that the clusters may be prepartitioned, just as it is the case in the classic 
Regularity Lemma. When classifying the graph Gy JT^3l in Lemma 14.141 below we shall use the 
prepartition into (roughly) §a jj^fc(G>q{Oj) and Lq^^^GyjX^j). 

As said above, the notion of bounded decomposition is needed for our Regularity Lemma type 
decomposition given in Lemma 14.131 It turns out that such a decomposition is possible only when 
the graph is of moderate maximum degree. On the other hand, Lemma [4.11 tells us that the vertex 
set of any grapljfl can be decomposed into vertices of enormous degree and moderate degree. The 
graph induced by the latter type of vertices then admits the decomposition from Lemma 14.131 
Thus, it makes sense to enhance the structure of bounded decomposition by vertices of unbounded 
degree. This is done in the next definition. 

Definition 4.8 ((k, U*, A, 7, e, u, /j)-sparse decomposition). Let V = {V\, V2, ■ ■ ■ , V s } be a 

partition of the vertex set of a graph G. We say that V = (\&, V, T>, G reg , G exp , 21) is a 

(k, fT*, 0*, A, 7, e, p)-sparse decomposition of G with respect to V±, V2, ■ ■ ■ , V s if the following 

holds. 

1. * C V(G), deg min G (*) ^ Q**k, deg max ^(y(G)\*) < Wk, where H is spanned by the edges 
o/U^j G cxp , and edges incident with 

2. (V, V, G reg , Gexp, 21) is a (k, A, 7, e, u, p)-bounded decomposition of G — * with respect to V\ \ 
%V 2 \ V s \*. 

If the parameters do not matter, we call V simply a sparse decomposition, and similarly we 
speak about a bounded decomposition. 

Definition 4.9 (captured edges). In the situation of Definition we refer to the edges in 
E(G reg ) U ^(Ggxp) U E G (^,V(G)) U £ , G (2t,2l U|JV) as captured by the sparse decomposition. 

5 Lemma 14.11 is stated only for graphs from LKSmin(n, k, rj), but a similar statement can be made about any 
graph. 
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4.2 Decomposition of graphs with moderate maximum degree 



We write Gy for the subgraph of G on the same vertex set which consists of the captured edges. 
Likewise, the captured edges of a bounded decomposition (V, T>, G reg , G exp , 21) of a graph G are those 
m E(G Icg ) U E(G cxp ) U E G (% 21 U [j V). 

Throughout the paper we write Gt> for the subgraph of G which consists of the edges contained 
in T>. We now include an easy fact about the relation of Gx> and G re g- 

Fact 4.10. Let V = V, T>, G rcg , G cxp , 21) be a sparse decomposition of a graph G. Then each 
edge xy G E(Gj)) with x,y G U V is either contained in G reg , or is not captured. 

Proof. Indeed, suppose that xy G E(Gx>), x,y G U V, and xy G" E(G Teg ). Property [2] of Defini- 
tion \^E\ says that x,y ^ Further, by Property [8] of Definition 14. 7\ we have x, y G" 21. Last, 
Property H] of Definition 14.71 implies that E(G exp ). Hence xy is not captured, as desired. □ 

We now give a bound on the number of clusters reachable through edges of the dense spots 
from a fixed vertex outside 

Fact 4.11. LetV = (\&, V, V, G ieg , G exp , 21) be a (k, Q.** , 0*, A, 7, e, u, p)-sparse decomposition of 
a graph G. Let x G V(G) \ Assume that V 7^ 0, and let c be the size of each of the members 
o/V. Then there are less than 

2{Q*) 2 k < 2(n*) 2 
7 2 c ^ 7 2 z^ 

clusters C G V with deg Gv> (x, C) > 0. 

Proof. Property Q] of Definition 14.81 says that degQ T> (x) ^ VL*k. For each D G T> with x G ^(-D) we 
have that deg D {x) > 7/c, since D is a (jk, 7)-dense spot. By Fact 14.41 

\{DeV: deg D (x) > 0}| < — . (4.3) 

7 

Furthermore, by Fact 14.31 and using Property [3] of Definition 14.71 we see that for a fixed D G T>, 
we have 

|{GgV : CC7(D)}K — 2 



7 c 7^ 

Together with (|4.3|) this gives that the number of clusters C G V with deg G (x, C) > is less than 



7 7c 7 71/ 

as desired. □ 

As a last step before we state the main result of this section we show that the cluster graph 
G reg corresponding to a (k, £1** , O*, A, 7, e, u, p)-sparse decomposition (\&, V, V, G reg , G exp , 21) has 
bounded degree. 

Fact 4.12. LetV = (vl/, V, 2?, G reg , G exp , 21) 6e a (A;, Q** , £1* , A, 7, e, u, p)-sparse decomposition of 
a graph G, and let G rcg be the corresponding cluster graph. Let c be the size of each cluster in V. 
Then deg max (G rcg ) ^ ^ ^ 
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4.3 Decomposition of LKS graphs 



Proof. Let C G V. Then by the definition of G rcg , and by the properties of Definitions 14.71 and 14. 8| 

we get 

C"eN Grcg (C) 

as desired. □ 



We now state the most important lemma of this section. It says that any graph of bounded 
degree has a bounded decomposition which captures almost all its edges. This lemma can be 
considered as a sort of Regularity Lemma for sparse graphs. 

Lemma 4.13 (Decomposition lemma). For each A,l],s£N and each 7, e, p > there exist ko G N, 
v > such that for every k ^ k^ and every n-vertex graph G with e(G) ^ kn, deg max (G) ^ Qk, and 
with a given partition V of its vertex set into at most s sets, there exists a (k, A, j,e,u, p) -bounded 
decomposition (V, V, G rcg , G cxp , 21) with respect to V, which captures all but at most (^ + rf] + 7 + 
p)kn edges of G. Furthermore, this bounded decomposition respects any given avoiding threshold b 
and we have 

\E(T>)\(E(G Tes )UE G [%%u\JV])\ < (— + rf2 + 7 )fcn. (4.4) 
A proof of Lemma 14.131 is given in Section 14.61 

4.3 Decomposition of LKS graphs 

Lemma [4.1l and Lemma [4 . 1 3 1 enable us to decompose graphs in LKS(n, k, rf) in a particular manner. 

Lemma 4.14. For every r/, A, 7, e, p > there are u > and ko G N such that for every k > ko 
and for every number b the following holds. For every sequence of positive numbers with 

fL/fij-4.1 7] 2 /100 for all j G N and for every G G LKS(n, k,rf) there are an index i and a subgraph 
G' of G with the following properties: 

(a) G' G LKSsmall(n,fc,?7/2) ; 

(b) i < ioo?r 2 ; 

(c) G' has a (k, fij+i, f2j, A, 7, e, u, p)-sparse decomposition (*, V, V, G' reg , G' exp , 21) with respect to 
the partition {V\, V2} := {S r? /2 ) fe(G / ),L J? / 2j fe(G / )}) an d with respect to avoiding threshold b, 

(d) V, T>,G' Tes ,G' exp , 21) captures all but at most (y + £^[wo v - 2 ] + 7 + p)kn edges of G' , and 

(e) \E(V)\(E(G[. cg )UE G ,[%VlUlJV})\ < (^ + £ % 0rr 2 j + 7)^. 

Proof. Let f and fco be given by Lemma HJ2] for input parameters := Q[ioor]- 2 \ ; A>i l4.13l := 

A >7>il4X3l : = 7,£>il4T3l : = £ >P>il4X3l : = P. b >il4T3l : = 6 > and ^il4T3l : = 2 - Now > g iven G ' let 
us consider a subgraph G of G such that G G LKSmin(n, fc, rj). Lemma 14.11 applied to the 
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sequence and G yields a graph G' £ LKSsmall(n, k, r}/2) and an index i ^ lOOr? 2 . We set 

^(G) : deg G ,(^) > ^i+ik}- 
Observe that by $TQ), e(G') < kn. Let (*, V, G' rcg , G' cxp , 21) be the (A;, A, 7, e, i/, p)-bounded 
decomposition of the graph G' — VP with respect to {S^/ 2) fc(Gr / ),L J? / 2i fc(G !I/ ) \ VP} that is given by 
Lemma [4.131 Clearly, (\I>, V, V, G' veg , G' exp , 21) is a fij+i, Oj, A, 7, e, z/, p)-sparse decomposition of 
G' capturing at least as many edges as promised in the statement of the lemma. □ 

A version of Lemma 14.141 could be formulated for a general n- vertex graph with ®{kn) edges. 
It would assert that such a graph has a sparse classification which captures all but at most o{kn) 
edges. Such a lemma could be used to attack other problems. However, our feeling is that such a 
decomposition lemma is limited in applications to tree-containment problems. The reason is that 
two of the features of the sparse decomposition, the nowhere-dense graph G exp and the avoiding 
set 21, seem to be useful only for embedding trees. See Section 14.41 and Section 14.51 for a discussion 
of the respective embedding strategies. 

The process of embedding a given tree T^r jj^j £ trees(fc) into Gy j]3] is based on the sparse 
decomposition V = (VP, V, T>, G reg , G exp , 21) of a graph G from Lemma 14.141 and is much more 
complex than in approaches based on the standard Regularity Lemma. The embedding ingredient 
in the classic (dense) Regularity Method inheres in Blow-up Lemma type statements which roughly 
tell that regular pairs of positive density in some sense behave like complete bipartite graphs. In 
our setting, in addition to regular pairfwe shall use three other components of V: the vertices of 
huge degree the nowhere-dense graph G oxp , and the avoiding set 21. Each of these components 
requires a different strategy for embedding (parts of) I^rrfj^i Let us mention that rather major 
technicalities arise when combining these strategies; for example, for traversing between \l/ and the 
rest of the graph we have to introduce a certain "cleaned" structure in Lemma 17.331 

These strategies are described precisely and in detail in Section [BJ A lighter informal account 
on the role of 21 is given in Section 14.41 We discuss the use of G exp in Section 14.51 Only very little 
can be said about the set \l/ at an intuitive level: these vertices have huge degrees but are very 
unstructured otherwise. If only o(kn) edges are incident with \l/ then we can neglect them. If, on 
the other hand, there are O(fcn) edges incident with \J/, then we have no choice but to use them 
for our embedding. Very roughly speaking, in that case we find sets C \I> and V C V(G) \ \& 
such that still deg min (*', V) > k, and deg min (y' , *') = fi(fc), and then use and V in our 
embedding. 

Last, let us note that when G^- ji^l is close to the extremal graph (depicted in Figure ITTj) then 
all the structure in Gyi fQI captured by Lemma [4. 141 accumulates in the cluster graph G" reg , i.e., 
Gg xp and 21 are all almost empty. For that reason, when some of SI/, Gexp or ^ i s substantial we gain 
some extra aid. In comparison, one of the almost extremal graphs for the Erd6s-S6s Conjecture ll.il 
has a substantial S^-component (see Figure fl~2j) . 

6 Some of the regular pairs we shall use are already present in G reg , and there are some additional regular pairs 
hidden in T> which we shall extract and make use of in a form of so-called semiregular matchings (Definition 15. 4p in 
Sections [5] and [6] 
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4.4 The role of the avoiding set 21 

Let us explain the role of the avoiding set 21 in Lemma [4. 131 As said above, our aim in Lemma [4. 131 
will be to locally regularize parts of the input graph G. Of course, first we try to regularize 
as large a part of the G as possible. The avoiding set arises as a result of the impossibility to 
regularize certain parts of the graph. Indeed, it is one of the most surprising steps in our proof of 
Theorem 11.31 that the set 21 is initially defined as - very loosely speaking - "those vertices where 
the Regularity Lemma fails to work properly" , and only then we provqil that 21 actually satisfies 
the useful conditions of Definition 14.61 

We now sketch how to utilize avoiding sets for the purpose of embedding trees. In our proof of 
Theorem 11.31 we preprocess the tree T = ^t TQI € trees(fc) by considering its (r/s)-fine partition, 
and then sequentially embed its shrubs (and knags). Thus embedding techniques for embedding a 
single shrub are the building blocks of our embedding machinery; and 21 is one of the enviroments 
which provides us with such a technique. Let us discuss here the simpler case of end shrubs. More 
precisely, we show how to extend a partial embedding of a tree by one end-shrub. To this end, 
let us suppose that <p is a partial embedding of a tree T, and v £ V(T) is its active vertex, i.e., a 
vertex which is embedded, but not all its children are. We write U C V(G) for the current image 
of 4>. Let T' C T be an end-shrub which is not embedded yet, and suppose u £ V(T') is adjacent 
to v. We have v(T') ^ rk. 

We now show how to extend the partial embedding <fi to T , assuming that deg G (<p(v),QL\U) > 
jk for some (1, e, 7, /c)-avoiding set 21 (where r <C e <C 7 <C 1). Let X be the set of at most sk 
exceptional vertices from Definition 14.61 corresponding to the set U. We now embed T' into G, 
starting by embedding it in a vertex of 21 \ (UUX) in the neighborhood of 4>{v). By Definition 14.61 
there is a dense spot D = (A D ,B D ;F) G V such that <f>(u) £ V(D) and \U n V{D)\ ^ -f 2 k. As 
D is a dense spot, we have deg G (4>(u),V(D)) > jk. It is now easy to embed T' into D using the 
minimum degree in D. See Figure UTTI for an illustration, and Lemma 18.31 for a precise formulation. 

We indeed use the avoiding set for embedding shrubs of a fine partition of T as above. The 
major simplification we made in the exposition is that we only discussed the case when T' is an 
end shrub. To cover embedding of an internal shrub T' as well, one needs to have a more detailed 
control over the embedding, i.e., one must be able to extend the embedding from leaves of T' to the 
neighboring cut-vertices of the fine partition, is such a way that one can then continue embedding 
of the shrubs below these cut-vertices. 

Last, let us remark, that unlike our baby-example above, we use an (A, e, 7, A;)-avoiding set with 
A > 1. This is because in the actual proof one has to avoid more vertices than just the current 
image of the embedding. 

7 See the last step of the proof of Lemma 14.131 
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Figure 4.1: Embedding using the set 21. 



4.5 The role of the nowhere-dense graph G cxp and using the (rfc)-fine partition 

In this section we shall give some intuition on how the (jk, 7)-nowhere-dense graph G exp from the 
(k, Q** , O*, A, 7, e' , i>, p)-sparse decomposition^) V, V, G reg , G oxp , 21) of a graph G is useful for 
embedding a given tree T £ trees(fc). We start out with the rather simple case when T is a path. 
We then point out an issue with this approach for trees with many branching vertices and show 
how to overcome this problem using the (rfc)-fine partition from Lemma l3,4i 

Embedding a path in G cxp . Assume we are given a path T = u\U2 ■ • ■ G trees(/c) and we 
wish to embed it into G exp . The naive idea is to apply a one-step look-ahead strategy. We first 
embed u\ in an arbitrary vertex v £ V^Gcxp). Then, we extend our embedding (f>£ of the path 
u\ • • • ui in G cxp in step t by embedding U£ + i in a (yet unused) neighbour w of the image of the 
active vertex ue, requiring that 

de gG cxp ( w > M u i ■ ■ ■ u d) < Vl k ■ (4-5) 

Let us argue that such a vertex w exists. First, observe that Property [7] of Definition 14.71 implies 
that 4>i{ u i) nas a t least pk neighbours. By (|4.5p applied to £ — 1, at most y/^yk of these neighbours 
lie inside <f>t{ui ■ • • ttg_i); this property is also trivially satisfied when £ = 1. Further, an easy 
calculation shows that at most 16^/jk of them have degree more than y/^fk in G CX p into the set 
4>i(ui • • • Ui) , otherwise we would get a contradiction to G exp being (7/c, 7)-nowhere-dense. Since 
we assumed p > 17^/7 we can find a vertex w as desired and thus embed all of T. 

8 We shall assume that < p\ this will be the setting of the sparse decomposition we shall work with in the 

proof of Theorem 11.31 
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Figure 4.2: Embedded part of the binary tree in bold. The neighbourhoods of active vertices 
may overlap. 



Embedding trees with many branching points and the role of fine partitions. We 

certainly cannot hope that a nonempty graph G cxp alone will provide us with embeddings of all 
trees T £ trees (A;) from Theorem 11.31 For instance, if T is a star, then we need in G a vertex of 
degree k — 1, which G cxp might not have. In order to run into a problem with the method described 
above, we do not even need to have such a large degree in our tree T. 

Consider a binary tree T € trees(/c), rooted at its central vertex r. Now if we try to embed T 
sequentially as above we will arrive at a moment when there are many (as many as k/2) active 
vertices; regardless in which order we embed. Now, the neighbourhoods of the images of the active 
vertices cannot be controlled much, i.e., they may be intersecting considerably. Hence, embedding 
children of active vertices we might block available space in the neighbourhoods of other active 
vertices. See Figure EL"2l for an illustration. 

To rescue the situation we use the (rA;)-fme partition (Wa, Wb,Sa,$b) of T (for some < r <C 
7) given by Lemma I3.4L Recall the structure of this partition, as shown in Figure 13.11 the first 
q levels of T from the root r comprise the sole knag. All other vertices make up the end shrubs 

We first embed the knag, which consists of the cut vertices Wa U Wb , and so has size at most 
O(-). As pk will be much larger than that, following a strategy similar to the one above we ensure 
that all of Wa U Wb gets correctly embedded, we even have a (limited) choice for its images. The 
next step is to make the transitions at the g-th level from embedding cut vertices Wa U Wb to 
embedding shrubs Tj", . . . , T£. But since this step requires to exploit the structure of LKS graphs, 
we skip the details in the high-level overview here. We just remark that one needs to put the cut 
vertices Wa U Wb in the sets XA and XB from Lemma I6.lt these vertices are powerful enough to 
allow such a transition. 

For the point we wish to make here, it is more relevant to see how to complete the last part 
of our embedding, that is, how to embed a tree T* whose root n is already embedded in a vertex 
4>(fi) £ V(G ex p)- Let im, := im((f)) be the current (partial) image of <f> at this stage. We emphasize 
that at this moment we are working exclusively with the tree T*, i.e., any other tree T* is either 
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completely embedded, or will be embedded only after we finish the embedding of T* . Suppose we 
are about to embed a vertex v E V(T*) whose ancestor v' E V(T*) is already embedded in V(G exp ). 
We choose for the image of v any (yet unused) vertex w in the neighbourhood of <p(v'), requiring 
that 

de gG oxp K im i) < pfc/100. (4.6) 

This condition is very similar to our path-embedding procedure above, and can be proved in exactly 
the same way, using the fact that G ex p is (7^, 7)-nowhere-dense. Note that during our embedding 
|im(<^>) \ inii| will grow, but however is at most v(T*) ^ rk. Thus, for every vertex v" 6 V(T*), 
when its time comes to be embedded, we still have deg Goxp ((p(v'), im(0)) ^ pk/WO + rk < pk/99, 
and thus v" can be embedded. 

Note that the trick here was to keep on working on one subtree T*, whose size is small enough 
to be negligible in comparison to the degree of a vertex in G ex p so that it does not matter that the 
set we wish to avoid having a considerable degree into (im(</>)) is not the same as the one we can 
actually avoid having a considerable degree into (imj). (Observe that since im(^) keeps changing 
during the procedure, we cannot have direct control over it.) Thus, breaking up the tree into tiny 
shrubs in the (rfc)-fine partition was the key to successfully embedding it in this case. 

4.6 Proof of Lemma [4.131 

This subsection is devoted to the proof of Lemma 14.131 We give an overview of our decomposition 
procedure. We start by extracting the edges of as many (7/c, /c)-dense spots from G as possible; 
these together with the incident vertices will form the auxiliary graph Gt>. Most of the remaining 
edges will form the edge set of the graph G exp . Next, we consider the intersections of the dense 
spots captured in Gx>- To the subgraph of Gx> that is spanned by the large intersections we apply 
the Regularity Lemma for locally dense graphs (Lemma 12. 13j) . and thus obtain G reg . The other 
part of V(Gd) will be taken as the (A, e, 7, /c)-avoiding set 21. 

Setting up the parameters. We start by setting 

v := e ■ 3 t 3 ". 

Let (?maxcl be given by Lemma 12.131 for input parameters 

m >il2T3l := ^~ » %il2T3l :=4g and £ >iJ2~T3l :=£ • ( 4 - 7 ) 

Define an auxiliary parameter q := maxj^MAXCL, e -1 } and choose the output parameters of 
Lemma 14.131 as 



ko ■-- 



<Zmaxcl 



and v := — . 

q 
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Defining T> and G cxp . Given a graph G, take a set T> of edge-disjoint (7/c, 7)-dense spots such 
that the resulting graph Gd Q G (which contains those vertices and edges that are contained 
in |J T>) has a maximal number of edges. 

Then by Lemma [231 there exists a graph G exp CG - Gx> with deg mm (G exp ) > pk and such that 

\E{G) \ (E(G cxp ) U E(G V ))\ < pfcn . (4.8) 

This choice of T> and G exp already satisfies Properties H] and [7] of Definition 14.71 

Preparing for an application of the Regularity Lemma. Let 

X :=m D {U,W,V{G)\V{D)} , 

where the partition refinement ranges over all D = (U, W; F) G D. Let B := {X G X : X C 
V(Gd)}, B := {B G S : |B| > 2Pfc}, and C := B\B. Furthermore let B := \J B eB B and 
21 := U Ce cC- Let := G V(G) : deg(v,2l) > b}. 

Now, partition each set B G £> into cb := |"|i?|/2z/fc] sets . . . , B CB of cardinalities differing 
by at most one, and let B' be the set containing all the sets Bi (for all B G B). Then for each 
B G B' we have that 

vk sC |JB| < 2Pfc < e/c . (4.9) 
Construct a graph on B' by making two vertices Ax,A 2 G adjacent in H if 

(A) there is a dense spot D = (U, W;F)£V such that AiQU and A 2 C W, and 

(B) dG(AuA 2 )>r 

Note that it follows from the way T> was chosen that if A\A 2 G E(H) then GL4i, A 2 ] = Gx>[A\, A 2 \. 
But on the other hand note that we do not necessarily have GLAi,^] = ^[^.1,^.2] f° r the dense 
spot D appearing in ([A]) ; just because there may be several such dense spots D. 

By assumption of Lemma |4.13| deg max (G) ^ Qk. So, for each B G B' we have ec(B,B \ B) ^ 
On the other hand, flUJ) and (JEJ imply that 7i/fc|j3| deg H ( J B) ^ e G (B,B\B). We conclude 

that 

deg— (ff)<^=m >lEI 3]. (4.10) 

Regularising the dense spots in B. We use Lemma 12.131 with parameters ?ti |> i ]2,13| i z i>i |2.13l 
an d £ i>i j2.13l as defined by (14. 7h on the graphs -H^>i ]2,13| := Gx> and -^1 )2, 13| := H, together with the 
ensemble B' in the role of the sets Wi, and partition of V(Gd) induced by 

z >m$ :=Vm ( y ( G ex P ), V(G) \ V(G cxp )} ffl {V^, V{G) \ V^} ■ 

Observe that B' is an (i'fc)-ensemble satisfying condition (|2.3|) of Lemma l2.13l by (|4.9|) . by the choice 
of ko, and by (|4.10p . We thus obtain integers {pa}agB' an d a family V = {Wj^, • • • , W^^AeB' 
and a set Wq := LUeB' sucn that in particular we have the following. 
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(I) We have e 1 < pa < <7maxcl for all A e B'. 

(II) We have | W^ a> | = \ W^\ for any A, J3 G & and for any a € [pa], 6 € [p B \- 
(III) For any A £ B' and any a G [pa]> there is V G V such that wl C V. We either have that 



G contained in an e-irregular pair (W^ , ), with a G [pa], & G [ps], AT? G E(H). 

Let G reg be obtained from Gx> by erasing all vertices in Wo, and all edges that lie in pairs 
(W { a\w ( 2 ] ) which are irregular or of density at most j 2 . Then Properties [H EJ [5] and [6] of Defini- 
tion [4]7] are satisfied. Further, Lemma 12. 141 implies (j4.4j) . 

Note that Properties (jl]) , ((TTJ) and (|4.9p imply that for all A £ B' and for any a G [pa] we have 
that 

i^Ja), vk vk 

ek > |^| > Ifr ^ > — = i/jfe. 

9MAXCL q 

Thus also Property [3] of Definition 14.71 holds. 

Furthermore, by (I4.8P and (14.41) . the number of edges that are not captured by (V, V, G reg , G exp , 21) 
is at most (^ + eSl + 7 + p)A;n. 

So, it only remains to see Property [8] of Definition 14.71 

The avoiding property of 21. In order to see Property [8] of Definition 14.71 we have to show 
that 21 is (A, e, 7, A;)-avoiding with respect to V. For this, let U C V(G) be such that |C7| ^ Ak. 
Let X be the set of those vertices v G 21 that are not contained in any dense spot for which 

|*7 n V(D)\ < 7 2 fc. Our aim is to see that |X| < ek. 

Let P x CPbe the set of all dense spots D with XC\V(D) / 0. Setting A := {A £ C : AnX ^ 
0}, the definition of 21 trivially implies that J^i ^ |^4|. Now, by the definition of ,6, we know that 
there are at most $ Vx I sets A G A Indeed, for each 77 = ({7, VF; F) eV x , either ^ is a subset of 
U, or of W, or of V(G) \ V(D). Thus, 



By Fact 14.41 each vertex of V(G) lies in at most of the (7/c, 7)-dense spots from P. Hence 




3^1 ^ |„4| > 



(4.11) 



7 



\u\> \v(D)nu\^\v x \ 1 2 k ^ i og3 L-i 7 2 fc 




where the second inequality holds by the definition of X. Thus 



X\ ^ 3T 3 " • vk = ek 



as desired. This finishes the proof of Lemma 14.131 
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Remark 4.15. The bounded decomposition given by Lemma \4-13 is not uniquely determined, and 



can actually vary vastly. This is caused by the arbitrariness in the choice of the dense spots from 
which we obtain the cluster graph G reg . 

This situation is an acute contrast with the situation of decomposition of dense graphs (which is 
given by the Szemeredi Regularity Lemma). Indeed, in the dense setting the structure of the cluster 
graph is essentially unique, cf. JASSO^E 

Of course, the ambiguity of the bounded decomposition of G propagates to Lemma \4-14\ We will 
have to deal with implications of this ambiguity in Section [6]. 

4.7 Lemma 14.131 algorithmically 

Let us look back at the proof of Lemma 14.131 and see that we can get a bounded decomposition 
of any bounded-degree graph algorithmically in quasipolynomial time (in the order of the graph). 
Note that this in turn provides efficiently a sparse classification of any graph since the initial step 
of splitting the graph into huge degree vertices and bounded degree (cf. Lemma I4.1D can be done 
in polynomial time. 

There are only two steps in the proof of Lemma 14.131 which need to be done algorithmically: 
the extraction of dense spots, and the simultaneous regularization of some dense pairs. 

It will be more convenient to work with a relaxation of the notion of dense spots. We call a 
graph H (d,£) -thick iiv(H) ^ £, and e(H) > dv(H) 2 . Thick graphs are a relaxation of dense spots, 
where the minimum degree condition is replaced by imposing a lower bound on the order, and the 
bipartiteness requirement is dropped. It can be verified that in our proof it is not important that 
the dense spots T> and the nowhere-dense graph G exp are parametrized by the same constants, i.e., 
the entire proof would go through even if the spots in V were (jk, 7)-dense, and G exp was (/3k, (3)- 
nowhere-dense for some /3 > 7. Each (/3k, /3)-thick graph gives (algorithmically) a (/3k / 4, /3 / 4)- 
dense spot, and thus it is enough to extract thick graphs. 

For the extraction of thick graphs we would need to efficiently answer the following: Given a 
number f3 > find a number 7 > such that for an input number h and an iV-vertex graph we 
can localize in G a (7, /i)-thick graph if it contains a (j3, /i)-thick graph, or output NO otherwise!"^! 
Employing techniques from a deep paper of Arora, Frieze and Kaplan [AFK02| . one can solve this 
problem in quasipolynomial time 0(N c '^ ogN ). This was communicated to us by Maxim Sviridenko. 
On the negative side, a truly polynomial algorithm seems to be out of reach as Alon, Arora, 
Manokaran, Moshovitz, and Weinstein [AAM + j reduced the problem to the notorious hidden clique 
problem whose tractability has been open for twenty years. 

Theorem 4.16 (Alon et al. (AAM+j ). // there is no polynomial time algorithm for solving the 
clique problem for a planted clique of size ra 1 / 3 then for any e £ (0, 1) and 5 > there is no 



9 The setting needs to be somewhat strengthened as otherwise there are counterexamples to uniqueness; compare 
Theorem 1 and Theorem 2 in ASS09| . However morally this is true because of the uniqueness of graph limits |BCL09| . 

10 We could additionally assume that deg max (G) 0(h) due to the previous step of removing the set St of huge 
degree vertices. 
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polynomial time algorithm that distinguishes between a graph G on N vertices containing a clique 
of size k = N £ and a graph G' on N vertices in which the densest subgraph on k vertices has density 
at most 50 

Of course, Theorem 14.161 leaves some hope for a polynomial time algorithm when h = 
(which corresponds to fc|>i |4,i 3| = 

The regularity lemma can be made algorithmic |ADL + 94j . The algorithm from |ADL + 94] is 
based on index pumping-up, and thus applies even to the locally dense setting of Lemma f2. 131 

It will turn out that the extraction of dense spots is the only obstruction to a polynomial time 
algorithm for Theorem 11.31 In Section 110.11 we sketch a truly polynomial time algorithm which 
avoids this step. It seems that the method sketched there is generally applicable for problems 
which employ sparse classifications. 

5 Augmenting a matching 

In previous papers [AKS951 IZhall[ lPS12j. ICoo091 IHP] concerning the LKS Conjecture in the dense 
setting the crucial turn was to find a matching in the cluster graph of the host graph possessing 
certain properties. We will prove a similar "structural result" in Section [6J In the present section, 
we prove the main tool for Section [61 namely Lemma 15.101 All preceding statements are only 
preparatory. The only exception is (the easy) Lemma 15.61 which is recycled later, in Section [71 

5.1 Dense spots and semiregular matchings 

We need two definitions concerning graphs covered by dense spots. 

Definition 5.1 ((to, 7)-dense cover). A (m,7)-dense cover of a graph G is a family T> of edge- 
disjoint (to, 7) -dense spots such that E(G) = {Jf) e £, E(D). 

Definition 5.2 (Q(n,k,Q, p,v,t) and G(n, k, Q, p, u)). We define G(n,k,£l, p,v,r) to be the class 
of all tuples (G,T>,H,A) with the following properties: 

(i) G is a graph of order n with deg max (G) ^ Slk, 

(ii) H is a bipartite subgraph of G with colour classes Ah and Bh and with e(H) ^ rkn, 
(Hi) V is a (pk, p)-dense cover of G, 

(iv) A is a {vk) -ensemble in G, and Ah Q \JA, 

(v) AnU e {0, A} for each A G A and for each D = (U, W; F) G V. 



The result as stated in [AAM+j covers only the range e £ 1). However there is a simple reduction by taking 
many disjoint copies of the general range to the restricted one. 
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Those G, V and A for which all conditions but (jn|) and the last part of (|iv|) hold will make up the 
triples (G,V,A) of the class G(n,k,£l, p,v). 

We now prove our first auxiliary lemma on our way towards Lemma 15.101 

Lemma 5.3. For every Q G N and e, p, r > there is a number a > such that for every v G (0, 1) 
there exists a number Uq G N such that for each k > ko the following holds. 

For every (G,V,H,A) G G(n, k, Q, p, u, r) there are (U,W;F) G £>, AG A and X,Y C V(G) 
such that 

1) \X\ = \Y\ > auk, 

2) X C AnC/fl Ah and Y C W n -B# , where Ah and Bh are the colour classes of H , and 

3) (X, Y) is an e-regular pair in G of density d(X, Y) ^ ^ . 

2 

Proof. Let e, p and r be given. Applying Lemma[27[2]to £ ^2.121 := m i n {e 5 %q} an d ^>i |2. 12l := ^ 
we obtain numbers no and M. We set 

<• : = mi' <m> 

and given ^ G (0, 1), we set 

2n 

fc : 



ai/M 

Now suppose we are given k > k$ and (G, P, i/, .4) G G(n, k, Q,, p, v, r). 

Property of Definition [5]2] gives that e(G) ^ Qkn/2, and Property (jn]) says that e(i/) ^ r/cn. 
So e(H)/e(G) ^ 2r/0. Averaging, we find a dense spot D = (U, W\F) £ T> such that 

p(H) 2t\F\ 

e D (A H ,B H ) = \FHE(H)\ > ±^\F\ > -L± . (5.2) 

Without loss of generality, we assume that 

e D (U nA H ,WnB H )>^- e D (A H ,B H ) > e D (U nB H ,Wn A H ) , (5.3) 
as otherwise one can just interchange the roles of U and W. Then, 

e G {U n A H , W n B H ) \ ■ e D (A H , B H ) ? ^ • \F\. (5.4) 

Let i'U denote the set of those A G A with < e G (A n f7 n A//, W n < ^ ■ |F| ■ j^j. 
Note that for each A G A' we have ^4 C f/ by Definition 15.21 (jvj). Therefore, 

/, \ T \A'\ T El 

eG^IJ^nc/n^wns^J < _.|F|-i^< ^ e G (un A H ,wn B H ) . 

As .4 covers A//, G has an edge xy with x G U fl A# n ^4 for some 4 £ i\4' and y £ W n Bh- 
Set X' := An U D A h = An A h and Y' :=W n B H . Then directly from the definition of A' and 
since D is a (/)£;, /j)-dense spot, we obtain that 

dG(A ' y j " |A'||y| ^ |A||^| > n- (5 ' 5j 
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Also, since (U, W; F) E V, we have 

\F\ ^ pk\U\ . (5.6) 
This enables us to bound the size of X' as follows. 



e G (X>,Y>) 



(as A g A' and by 35.21^ ) 

(by JUJ) ^ 



dei 


5 max (C) 


T 

n 






OA; 


T • 





(5.7) 



ft 2 A; 
rpuk 



n 2 

(ED 



In the same way we see that 



ctvkM 



\Y'\ ^ ai/JfeM . (5.8) 



Applying Lemma 12.121 to G[X' ,Y'] with prepartition {X',Y'} we obtain a collection of sets 
C = {Cj}f =0 > with p < M. By (|5.7p . and (|5.8p . we have that |Cj| ^ az/A; for every i £ [p]. It is easy 
to deduce from (|5.5p that there is at least one gt>i ]2.12[ " re S mar (and thus e-regular) pair (X, Y), 
X,Y £ C \ {C }, iCl'Jcy' with d(X, Y) > ^. Indeed, it suffices to count the number of 
edges incident with Co, lying in g] j2. 12h ^ rre S u ^ ar pahs or belonging to too sparse pairs. These are 
strictly less than 

o 2 o 2 

(sigja +e >iizia+^)Wl y l<^wi y l < e (^'' y/ ) 

many, and thus not all edges between X' and Y'. This finishes the proof of Lemma [5.31 □ 

Instead of just one pair (X, Y), as it is given by Lemma l5.3[ we shall later need several disjoint 
pairs. This motivates the following definition. 

Definition 5.4 ((e, d, £)-semiregular matching). A collection M of pairs (A, B) with A, B C 
V(H) is called an (e, d, £)-serniregular matching of a graph H if 

(i) \A\ = \B\^£ for each (A, B) £ M , 

(ii) (A, B) induces in H an e-regular pair of density at least d, for each (A, B) £ M , and 
(Hi) all involved sets A and B are pairwise disjoint. 



Sometimes, when the parameters do not matter (as for instance in Definition \5.7\ below) we write 
lazily semiregular matching. 
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For a semiregular matching M, we shall write Vi(7V) := {A : (A,B) E M}, V 2 (J\f) := {B : 
(A,B) G TV} and V(/V") := V 1 {M)UV 2 {M). Furthermore, we set V\(J\T) : = \JVi{N), V 2 (M) := 
U V 2 (7V) and V(AT) := V\{N) U V-^AO = U^C^O- As tnese definitions suggest, the orientations of 
the pairs (A, B) £ M are important. The sets A and B are called N -vertices and the pair (A, B) 
is a N -edge. 

We say that a semiregular matching N absorbes a semiregular matching Ai if for every (S, T) 6 
A4 there exists (X, F) £ J\f such that S C X and T C Y. In the same way, we say that a 
family of dense spots T> absorbes a semiregular matching Ai if for every (S, T) G Ai there exists 
(U, W;F) G £> such that S QU and T C VF. 

We later need the following easy bound on the size of the elements of V(A4). 

Fact 5.5. Suppose that Ai is an [e,d,£) -semiregular matching in a graph H. Then \C\ ^ — d — - 
for each C G V(M). 

Proof. Let for example (C, D) G Ai. The maximum degree of H is at least as large as the average 
degree of the vertices in D, which is at least d\C\. □ 



The next lemma, Lemma 15.61 is a second step towards Lemma 15.101 Whereas Lemma 
gives one dense regular pair, in the same setting Lemma 15.61 provides us with a dense semiregular 
matching. 

Lemma 5.6. For every Q G N and p,£,r G (0, 1) there exists a > such that for every v G (0, 1) 
there is a number ko G N such that the following holds for every k > ko. 

For each (G,T>, H,A) G Q(n,k,£l, p,u,r) there exists an (e, auk) -semiregular matching Ai 
of G such that 

(1) for each (X, Y ) G Ai there are A £ A, and D = (U, W;F)£V such that X C U n A n A H and 
Y C WC\B H , and 

(2) \V(M)\ > ^n. 

Proof. Let a := a^j jr^j] > be given by Lemma f5~3l for the input parameters f^j jg - ^] := 0, g^j jg^j := 
e, r >1 [5^3] := t/2 and Pt>i |53] '■= P- Now, for z^ jj^g] := Lemma [531 yields a number ko G N. 

Now let (G, V, H, A) G Q(n, k, Q, p, r). Let Ai be an inclusion-maximal (ep, ai//c)-semiregular 
matching with property ([1]). We claim that 

e G (A H \V 1 (M),B H \V 2 (M)) <^kn. (5.9) 

Indeed, suppose otherwise. Then the bipartite subgraph H' of G induced by the sets Ah\ Vi(Ai) = 
A H \V{M) and B H \V 2 {M) = B H \V(M) satisfies Property (Jul) of Definition E21 with t >t ^^ := 
t/2. So, we have that (G,T>, H' ,A) G 0(n, k, Q,, p, v, t/2). 

Thus Lemma E3 for (G,V,H',A) yields a dense spot D = (U,W;F) G V and a set A G A, 
together with two sets ICf/nin (A H \ V(M)), Y C W n (5// \ such that \X\ = \Y\ > 
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a j>i HT3F ^ = ai/ k, and such that (X, Y) is e^jjg^j-regular and has density at least 

r >iI0P>il01 T P 

4n>iE31 817 ' 

As this contradicts the maximality of A4, we have shown ()5.9|) . 

In order to see ([2]) , it suffices to observe that by (|5,9p and by Property (jn]) of Definition 15.21 the 
set V(Ai) is incident with at least rkn — ^kn = ^kn edges. By Definition 15.21 (jl|), it follows that 
|V(-M)| ^ \kn ■ ^ ^ 2T2?i, as desired. □ 

5.2 Augmenting paths for matchings 

We now prove the main lemma of Section namely Lemma 15.101 We will use an augmenting 
path technique for our semiregular matchings, similar to the augmenting paths commonly used for 
traditional matching theorems. For this, we need the following definitions. 

Definition 5.7 (Alternating path, augmenting path). Given an n-vertex graph G, and a 
semiregular matching Ai, we call a sequence 6 = (Yq, Ai, Y\, A2, Y2, ■ ■ ■ ,Ah,Yh) (h ^ 0) an (S,s)- 
alternating path for Ai from Yq if for all i G [h] we have 

(i) Ai C V\(Ai) and the sets Ai are pairwise disjoint, 

(ii) Y C V(G) \ V(M) and Y t = \J {AB)eMiAeAi B, 
(Hi) Sn, and 

(iv) e(A,Yi_i) ^ s ■ \A\, for each A G Ai- 

If in addition there is a set C of disjoint subsets of V(G) \ (Yq U V(Ai)) such that 

(v) e(\JC,Y h )>t-n, 

then we say that 6' = (Yq, Ai, Y\, Az, Y2, . . . ,Ah,Yh,C) is an (5, s, ^-augmenting path for Ai from 
Yq to C. 

The number h is called the the length of & (or of &). 

Next, we show that a semiregular matching either has an augmenting path or admits a partition 
into two parts so that there are only few edges which cross these parts in a certain way. 

Lemma 5.8. Given an n-vertex graph G with deg max (G) ^ Qk, a number r G (0, 1), a semiregular 
matching Ai, a set Yq C V(G) \ V(M), and a set C of disjoint subsets ofV(G) \ (V(Ai) UYq), one 
of the following holds: 

(Ml) There is a semiregular matching Ai" C Ai with e (\}C U V\{M \ M"),Y U V 2 {M")) < rnk, 

2 2 

(M2) Ai has an (;St, ink, j^k)- augmenting path of length at most 2Q/t from Yq to C. 
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Proof. If |Yo| ^ -^n then (Ml) is satisfied for Ai" ■= 0. Let us therefore assume otherwise. 

Choose a (^ , ^ k) -alternating path 6 = (Yq, A\,Y\,Ai % Y2, . . . , Ah, Y^) for M with | U£=i Ag\ 
maximal. 

Now, let £* G {0, 1, ... , h} be maximal with \Y^*\ ^ ^n. Then ^* G {h,h — 1}. Moreover, as 
|Yg| > for all £ ^ f , we have that (f + 1) • ^ | ^1 ^ n an d thus 

r + . (5.10) 

r 

Let .M" C .M consist of all .M-edges (A, B)eM with A G U^e[W Then, by the choice of 6, 

/ e* \ i* 

e(Vi(M\ M"), |J Y t )= £e (V ± (M \ M"), Y e ) 



£=0 / £=0 



r 2 trrnt T 

<(t + l)-—k.\V 1 (M\M")\ < -fcn. (5.11) 



Furthermore, if £* = h — 1 (that is, if \Yh\ < <wrn) then 

e(v 1 (M\M")u\JC,Y h ^ < ^n-deg max (G) ^ -^Ikn = T -kn. (5.12) 
So, regardless whether h = £* or h = £* + 1, we get from (|5.1ip and ()5. 12j) that 

e^AnAOuU^loU^AO) <|rfcn + e(|JC,Ur / ] . 

V e=o J 

Thus, if e(U C, U^=o ^) ^ i^ n > we see that (Ml) satisfied for Ai". So, assume otherwise. 
Then, by (|5.10p . there is an index j G {0, 1, . . . ,£*} so that 



> 160^' 



and thus, (Yq, Ai , Y\ , A2 , Y2, . . . ,Ah,Yh,C) is an (7^, f^^i j^A;)-augmenting path for Ai. This 
shows (M2). □ 

Building on Lemma 15.61 and Lemma 15.81 we prove the following. 

Lemma 5.9. For every !] 6 N and r G (0, ^) i/iere is a number t' G (0,r) suc/i i/iai for every 
p G (0, 1) there is a number a G (0,t'/2) suc/i i/iai for every e G (0,a) there is a number ir > 
swc/i i/iat /or every 7 > there is k$ G N swc/i i/iai i/ie following holds for every k > ko and every 
h G (7M/2). 

Let G be a graph of order n with deg max (G) ^ Qk, with an (e 3 ,p, h)-semiregular matching Ai 
and with a (pk, p)-dense cover V that absorbs Ai. Let Y C V(G) \ V(M), and let C be an h- 
ensemble in G outside V(M) U Y. Assume that U DC G {0, C} for each D = (U, W;F) £ T> and 
each C G CU Vi(M). 

Then one of the following holds. 



45 



5.2 Augmenting paths for matchings 



(I) There is a semiregular matching Ai" C M such that 

e(\jCUV 1 (M\M"),YUV 2 (M")) <rnk. 

(II) There is an (e, a, irh) -semiregular matching M! such that 

(CI) \V(M) \ V(M')\ ^ en, and \V(M')\ ^ \V(M)\ + ^n, and 

(C2) for each (T,Q) G M' there are sets d G Vi(M)UC, C 2 G V 2 {M) U {Y} and a dense 
spot D = (U, W;F) G £> such that T C d n U and Q C C 2 n W. 

Proof. We divide the proof into five steps. 

Step 1: Setting up the parameters. Suppose that Q and r are given. For I = 0, 1, ... , [2f2/r] , 
we define the auxiliary parameters 



and set 

Given p, we define 



T 



2 \ 



32n 



(5.13) 



T (0) 



r'p 

a :- 



160 

Then, given e, for I = 0, 1, ... , [2J7/r] , we define the further auxiliary parameters 



which are given by Lemma I5T61 for input parameters f^j jr^g] := Q, p > i J^g] := P) £ i>i l5T6l := e3 ' an< ^ 

r >iEa :=rW - Set 

7T := | ■ min : i = 0, . . . , [20/r] } , 

Given the next input parameter 7, Lemma 15.61 for parameters as above and the final input 
">lE51 := 7 yields &0 irg, =: 4 ■ Set 



&o := max -j &q : i 



0,...,f2n/rl}. 



Step 2: Finding an augmenting path. We apply Lemma loTBI to G, t, A4, Y andC. Since (Ml) 
corresponds to (jl]), let us assume that the outcome of the lemma is (M2). Then there is a 

2 2 

(2TT' in^> TgQ^)-augmenting path & = (Yq,Ai,Yi,A 2 , Y 2 , . . . , Aj*,Yj*,C) for M starting from 
Y := Y such that j* < 20/r. 

Our aim is now to show that (fill) holds. 
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Step 3: Creating parallel matchings. Inductively, for £ = — 1,...,0 we shall define 

auxiliary bipartite induced subgraphs H^> C G with colour classes P" and Yi that satisfy 

(a) e(PW) ^ r^kn, 

and {e 3 ,2a,^h) -semiregular matchings M.W that satisfy 

(b) Vi(M®) c pW, 

(c) for each (A',B') G M® there are a dense spot (U, W\ F) G V and a set j4 G Vi(A^) (or a set 
A £ C \i £ = f) such that A' C P n vl and £?' C W n Yg, 

(d) W*< W )| > and 

(e) |Pn V 2 (M®)\ = \Ar\P( £ -V\ for each edge (A,B) 6M, if £ > 0. 

We take P^ ' as the induced bipartite subgraph of G with colour classes PV ' := |JC and Yj*. 
Definition 15.71 (jvj) together with fl5. 13f) ensures (jaj) for £ = j* . Now, for £ j*, suppose H^' is 
defined already. Further, if I < j* suppose also that _A/f^ +1 ) is defined already. We shall define 
M®, and, if i> 0, we shall also define P^ 

Observe that (G,V,H^,A e ) G G(n,k,n ,p, r,T^), because of (jaj) and the assumptions of the 
lemma. So, applying Lemma 15.61 to (G, T>, , Ae) and noting that ^-g^f ^ 2a we obtain an 
(e 3 , 2a, ^^/i)-semiregular matching Mr® that satisfies conditions (jbj)-(jd|). 

If £ > 0, we define P^ _1 ) as follows. For each (A, B) £ M take a set j4 C A of cardinality 
|I| = \BDV(M^)\ so that 

e(I,Y^-i) > ^ k -\ A \- ( 5 - 14 ) 

This is possible by Definition 15 . 71 (jrvj) : just choose those vertices from A for A that send most edges 
to Yt-i. Let P^" 1 ) be the union of all the sets A. Then, (jej) is satisfied. Furthermore, 

|P^>| = |^(A€»)| f ^n. 



So, by USUI), 



We let P^ ^ be the bipartite subgraph of G induced by the colour classes P^ ^ and Yg-i- 



Then f)5. 15() establishes (jaj) for P^ x ). This finishes step l l 12 l 



2 Recall that the matching M" 1 ' is only to be defined in step I — 1. 
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Step 4: Harmonising the matchings. Our semiregular matchings Ai^ , . . . ,Ai^*^ will be a 
good base for constructing the semiregular matching Ai 1 we are after. However, we do not know 
anything about \B n V 2 (M^ ] )\ -\An Vi(M^~^)\ for the A4-edges (A,B) G M. But this term 
will be crucial in determining how much of V{AA) gets lost when we replace some of its .M-edges 
with (J Ai^ -edges. For this reason, we refine Ai^ in a way that its Ai^ -edges become almost 
equal-sized. 

Formally, we shall inductively construct semiregular matchings Af(°\ . . . ,Af^' such that for 
t = 0, . . . , j* we have 

(A) A/" is an (e, a, 7r/i)-semiregular matching, 

(B) M® absorbesA/W, 

(C) if i > and (A,B) G M with A G At then \AnV{M^)\ ^ \BnV(M^)\, and 

(D) \V 2 (Af^)\ > |Vi (A/^ 1 ))! - | • |F 2 (A^W)| if £ > and |y 2 (A/ (0) )| ^ = r'n. 

Set A/(°) := A4 (0) . Clearly ([Bj holds for I = 0, flXJ) is easy to check, and flU} is void. Finally, 
Property ([D]) holds because of (jd|). Suppose now I > and that we already constructed matchings 
A/(°), . . . , A/^ 1 ) satisfying Conditions 

Observe that for any (.A, B) £ M we have that 

\Bnv 2 (M (e) )\ ^ |A n Vi(A4^ _1 ^)| ^ lAnViCA/^)!, (5.16) 

where the last inequality holds because of ([B]) for I — 1. 

So, we can choose a subset 1^ C F 2 (.M W ) such that \B n JfW| = |A D ^(A/^ 1 ))! for each 
(A, J5) G M. Now, for each (S, T) G A^ £ ) write f := T n XW, and choose a subset 5 of S of size 
|f|. Set 

A/W :={(5,T) : (5,T) G M {e) , \f | > | • |T|} . 

Then © and © hold for £. 

For dH), note that Fact lO implies that A/W is an (e,2a - e 3 , §/A) -semiregular matching. 
In order to see (jD|), it sufhces to observe that 

\V 2 {AfW)\ = Y, 1^1 
(S,T)eAf(«) 

(S,T)eA4( f ) 

^ E l^ny^A/^- 1 ))! - £ -.\v 2 (M^)\ 

(A,B)eM 

= \V 1 (M^)\ - £ --\V 2 (M^)\. 
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Step 5: The final matching. For each £ = 1,2, ... ,j* let C denote the set of all .A/f -edges 
(A, B) G M with \A'\ > § • \A\, where A' := A \ Vi{M^~ 1 ^). Further, for each (A, B) G M, choose 
a set S' C B \ V 2 {N^) of cardinality \A'\. This is possible by Q. Set 

/C := : (A-B) G £}• 

By the assumption of the lemma, for every (A' , B') G K, there are an edge (A, B) G M and a dense 
spot D = (U, W;F) G £> such that 

A' QAQU and B'CBCf. (5.17) 

Since M. is (e 3 , p, /i)-semiregular we have by Fact 12 .71 that K, is a (e, p—e 3 , |/i)-semiregular matching. 
Set 

j* 

M' :=/Cu(JjV*M 

£=0 

now it is easy to check that .A4' is an (e, a, 7r/i)-semiregular matching. Using (|5.17p together with (|B|) 
and (jcj), we see that (C2) holds for .A/f'. 
In order to see (CI), we calculate 

j * / 

\V(M)\V(M')\^ Yl \A'ub'\+ (\AnVi(N' l - e - 1) )\ - \Bnv 2 (M (e) )\ 

(A,B)eM\C (A,B)eC e=i 

<|. £ l^ufll + E(l^(AA^))|-|y 2 (AAW)|) 

(A,B)£A<\£ *=1 

< en . (5.18) 
Using the fact that V 2 (AA°)) C V(A / 1 / ) \ V(M) the last calculation also implies that 
\V(M')\ - \V(M)\ > |U 2 (A/ (0) )| - \V(M) \ V(M')\ 
EJ . 

^ t n — en 
t' 

since e < a ^ r'/2 by assumption. □ 
Iterating Lemma 15.91 we prove the main result of the section. 
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Lemma 5.10. For every fi G N, p G (0,1/0) there exists a number j3 > such that for every 
e G (0,/3), there are e',7r > suc/i i/iai /or eac/i 7 > i/iere exists ko G N suc/i £/ia£ i/ie following 
holds for every k > ko and c G (-yk, k/2). 

Let G be a graph of order n, with deg max (G) sC Qk. Let D be a (pk, p)-dense cover of G, and 
let A4 be an (e' , p,c)-semiregular matching that is absorbed by T>. Let C be a c-ensemble in G 
outside V{M). Let Y C V(G) \ (V(M) U\JC). Assume that for each (U, W; F) G V, and for each 
C G V\{M) U C we have that 

UDC G{0, C} . (5.19) 
Then there exists an (e, (3,Trc)-semiregular matching M! such that 
(1) \V{M)\V(M')\^en, 

(ii) for each (T,Q) G M' there are sets C\ G Vi(M) UC, C 2 G V2(M) U {Y} and a dense spot 
D = (U, W\F) G £> such that T C C x C\U and Q C C 2 CiW , and 

(in) M! can be partitioned into M.\ and A4 2 so that 

e((\JCuV 1 (M))\V 1 (M 1 ) , (YUV 2 (M))\V 2 (M 2 )) < pkn . 

Proof. Let Q and p be given. Let t' := T^ jgTfl be the output given by Lemma 15.91 for input 
parameters O^j J^q] := and r^j j^g] := p/2. 

Set p® := p, set L := [2/r'] + 1, and for £ G [L], inductively define p^) to be the output a t>1 [53] 
given by Lemma [5.91 for the further input parameter P[>i|5JJ] := P^" 1 ^ (keeping O^j J^q] = $1 and 

T >iES]= P/ 2 fixed )- Then P {£+1) < P (l) for a11 L Set I 3 ■= P (L) - 

Given e < p we set eW := (e/2) 3i_£ for £ G [L] U {0}, and set e' := e®. Clearly, 

f> W < e. (5.20) 

Now, for £+1 G [L], let 7rW := T^j jgTjj be given by Lemma [5^91 for input parameters O^j j^g] := 17, 

^lESl : = Pl^ «3] : = /° W and e >iES] := For i£ W U {°}' set nW : = & n,to Let 

vr:=n( L ). 

Given 7, let ko be the maximum of the lower bounds ko jiyjj given by Lemma 15.91 for input 
parameters n >I g^|:= 0, r >I g^j:= p/2, p >I jgj:= p ( ^ _1) , £ > iQi:= 7>iEJ : = 7H W , for £ G [L]. 

Suppose now we are given G, D, C, Y and Af. Suppose further that c > yk > jko- Let 
^ G {0, 1, . . . , L} be maximal such that there is a matching Af^ with the following properties: 

(a) Af^ is an (e^, pW, II^c)-semiregular matching, 

(b) \V(M®)\>£-in, 

(c) \V(M) \ V(M®)\ < Eto eW "» and 
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(d) for each (T,Q) G M® there are sets C\ G Vi(M) U C, C 2 G V 2 (.M) U {y} and a dense spot 
D = (£/, TF; F) G P such that T C Ci n C/ and Q C C 2 n W. 

Observe that such a number £ exists, as for £ = we may take .A/f( ) = A4. Also note that 
<L because of ©. 

We now apply Lemma I5T91 with input parameters >i [5^q] := Q, t^ ^^q] := p/2, /^i lgT)] := pW, 
£ >il5T9l := ^ t+V> < P ^ = a >T j5^9l, 7>i|5lJp= 7IIW to the graph G with the (p^k, pW)-dense 

cover P, the (e^', II^c)-semiregular matching Jv[^\ the set 

y := (YUV 2 (M))\V 2 (M {e) ), 

and the (n^c)-ensemble 

C:=|c\y(A^W) : CeVi(M)ue, |c\ vi(>i w )| ^ nw c } . 

Lemma 15.91 yields a semiregular matching which either corresponds to M" as in Assertion ([I]) 
or to M! as in Assertion (jLTl) . Note that in the latter case, the matching M' actually constitutes an 
(e^ i+1 \ p^ +l \ n^ +1 ^c)-semiregular matching fulfilling all the above properties for £ + 1 ^ L. 

In fact, (jb]) and (jcj) hold for MS^ 1 ' because of (CI), and it is not difficult to deduce (Jdj) from (C2) 
and from (jdj) for £. But this contradicts the choice of £. We conclude that we obtained a semiregular 
matching A4" C .M^ as in Assertion (jl]) of Lemma 15.91 

Thus, in other words, Ai^ can be partitioned into M.\ and Ai 2 so that 

e((JCUVi(.M 2 ) , yuy 2 (Mi)) < r >lE g]fcn = pkn/2. (5.21) 

Set A*' := MW, Then .M' is (e,/3 , 7rc)-semiregular by (jaj) . Note that Assertion <JTJ> of the lemma 
holds by ()5.20|) and by (jcj). Assertion (jnj) holds because of (jdj). 
Since 

(yuv 2 (m)) \v 2 (m 2 ) c yuv 2 (Mi), 

and because of (j5.2ip we know that in order to prove Assertion (lull) it suffices to show that the set 

x : = ((|Jcuy 1 (AO)\y 1 (.Mi)) \(\Jcuv 1 (M 2 )) 
= (UcuViiM^MlJcuViiM®)) 

sends at most pkn/2 edges to the rest of the graph. For this, it would be enough to see that 
\X\ ^ 2H^) as by assumption, G has maximum degree ilk. 

To this end, note that by assumption, |Vi(A / t) U C\ ^ 7- Further, the definition of C implies 
that for each A G C U V\{M) we have that \A \ (\JCU Vi(M®)\ < U^c. Combining these two 
observations, we obtain that 

\X\ < n w n < — n , 

11 2n ' 

as desired. 

□ 
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6 Rough structure of LKS graphs 



In this section we give a structural result for graphs G 6 LKSsmall(n, k, rj), stated in Lemma 16 .11 
Similar structural results were essential also for proving Conjecture ll.2l in the dense setting in |AKS95[ 
IPS12] , There, a certain matching structure was proved to exist in the cluster graph of the host 
graph. This matching structure then allowed to embed a given tree into the host graph. 

Naturally, in our possibly sparse setting the sparse decomposition V of G will enter the picture 
(instead of just the cluster graph of G). There is an important subtlety though: we need to "re- 
regularize" the cluster graph G rog of V. The necessity of this step arises from the ambiguity of 
the sparse decomposition V given by Lemma I4.14| see Remark 14.151 Consequently, the cluster 
graph G reg given by a sparse decomposition (\l/, V, T>, G reg , G exp , 21) of G might not be suitable 
for locating a matching structure in analogue to the dense setting. In this case, we have to find 
another regularization of parts of G, partially based on G reg . Lemma 15.101 is the main tool to this 
end. The re-regularization is captured by the semiregular matchings Ma and Mb- 

Let us note that this step is one of the biggest differences between our approach and the 
announced solution of the Erd6s-S6s Conjecture by Ajtai, Komlos, Simonovits and Szemeredi. In 
other words, the nature of the graphs arising in the Erdds-Sos Conjecture allows a less careful 
approach with respect to regularization, still yielding a structure suitable for embedding trees. We 
discuss the necessity of this step in further detail in Section 16. 2^ after proving the main result of 
this section, Lemma l6.lt in Section [6.11 

6.1 Finding the structure 

We now introduce some notation we need in order to state Lemma 16. 11 Suppose that G is a graph 
with a (k, fi**, fT, A, 7, e, u, /3)-sparse decomposition 

V = (*,V,P,G rcg ,G cxp ,2t) 

with respect to L^/^G) and S^/^G). Suppose further that Ma, Mb are (e' , d, 7&;)-semiregular 
matchings in G V - We then define the triple (XA,XB,XC) = (XA, XB, XC)(r/, V, M A , M B ) by 
setting 

XA := h Vjk (G) \ V(M B ) , 

XB:= ^veV(M B )nl, v>k (G) : d^(v) < (1 + r?)^} , 

XC := h Vtk (G) \ (XAUXB) , 

where deg(u) on the second line is defined by 

d^(«) := deg G (v,\ k (G)\(V(G exp )U%UV(M A U M B )) • (6.1) 

Clearly, {XA,XB,XC} is a partition of L^ jfe (G). 

We now give the main and only lemma of this section, a structural result for graphs from 
LKSsmall(n, k, rj). 
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Lemma 6.1. For every r\ > 0, f2 > 0, 7 G (0, r//3) there is j3 > so that for every e G (0, iaere 
exzsi e', 7r > such that for every v > iaere exists k$ G N suc/i £/iai /or every 0* wrai/i fi* < 
and every k with k > ko the following holds. 

Suppose V = V, T>, G reg , G exp , 21) is a (£;, fi*, A, 7, e', 2/, p)-sparse decomposition of a 
graph G G LKSsmall(n, A;, 77) wiift respect to S := S^/^G) and L := L r?) / C (G) which captures all but 
at most nkn/6 edges of G. Let c be the size of the clusters V@ Write 

S°:=S\ (V(G cxp ) U 21) . (6.2) 

Then Gx> contains two (e, (3, ire) -semiregular matchings Ma and Mb such that for the triple 
(XA,XB,XC) := (XA,XB,XC)(n,X7,MA,M B ) we have 

(a) V{M A ) n V(M B ) = 0, 

(b) Vx{M B ) C 5°, 

(c) for each (T, Q) G Ma U Mb, there is a dense spot {Ad,Bb>\ Ed) G V with T C j4rj, Q C 
and furthermore, either TCS or T C L, and Q C 5 or Q C L, 

(d) for each X\ G V^A/f^ U A/1_b) i/iere exists a cluster C\ G V saca i/iai Xi C Ci, and /or eaca 
X 2 G V 2 (A^a UM B ) i/iere exists C 2 G V U {L n 21} snca i/iai X 2 C C 2 , 

^ e Gv (XA,5°\y(A^ A )) <7*«, 

(!) e Gl .jV(G) \ V(MaUMb)) «S en*kn, 

(g) for the semiregular matching A/3 := {(X,Y) G Ma U A4.b : (X U F) n 21 / 0} we have 
e Greg (V^(G) \ F(A^ U A4 B ), V(A/st)) < &*kn, 

(h) for M good := {(A-B) £ A/f,4 : AU B C XA} we aat>e iaai eaca .Mg 00 d-edce is an edge o/G rcg , 
and ai least one of the following conditions holds 

(Kl) 2e G (XA) + e G (XA,XB) ^ nkn/3, 
(K2) |F(M good )| > r/n/3- 

Remark 6.2. in some sense, property ([h]) is the most important part of Lemma \6.1\ Note that the 
assertion (K2) implies a quantitatively weaker version of (Kl). Indeed, consider (C,D) G Ma- 
An average vertex v G C sends at least (3 • ire ^ j3 ■ irvk edges to D. Thus, if \V(M goo d)\ ^ rjn/3 
then A/fgood induces at least (rjn/6) ■ /3 • irvk = Q(kn) edges in XA. Such a bound, however, would 
be insufficient for our purposes as later 77 3> ir, v. 

1 The number c is irrelevant when V = 0. In particular, note that in that case we necessarily have Ma = Mb — 
for the semiregular matchings given by the lemma. 
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Proof of Lemma \6.1l The idea of the proof is to first obtain some information about the structure 
of the graph G reg with the help of the Gallai-Edmonds Matching Theorem (Theorem 12, 4p . Then 
this rough structure is refined by Lemma 15.101 to yield the assertions of the lemma. 

Let us begin with setting the parameters. Let /3 := /?t>i j5.10| b e given by Lemma f5. 101 for input 
parameters ^t>i |5. 1Q| := P>i |5.10| := 7 2 i an ^ let e' and tt be given by Lemma 15.101 for further 
input parameter St>i |5,l0| : = £■ Last, let ko be given by Lemma [5.101 with the above parameters and 
7>il5TT0l := v - 

Without loss of generality we assume that sf ^ e and (3 < 7 2 . We write S := {C G V : CCS} 
and L := {C G V : C C L}. Further, let S° := {C G S : C C S }. 

Let Q be a separator and iVo a matching given by Theorem 12.41 applied to the graph G rcg . We 
will presume that the pair (Q,iV"o) is chosen among all the possible choices so that the number of 
vertices of S° that are isolated in G rcg — Q and are not covered by Nq is minimized. Let S 1 denote 
the set of vertices in S° that are isolated in G reg — Q. Recall that the components of G rog — Q are 
factor critical. 

Define S R C U(G reg ) as a minimal set such that 

• S 1 \ V(N ) C S R , and 

• if C G S and there is an edge DZ G £(G rcg ) with Z G S R , DeQ, CD G N then C G S R . 

Then each vertex from S R is reachable from S I \y(iVo) by a path in G rcg that alternates between 
S R and Q, and has every second edge in Nq. Also note that for all CD G Nq with C G Q and 
D G S° \ S R we have 

deg Grog (C,S R ) = 0. (6.3) 

Let us show another property of S R . 
Claim 6.1.1. S R C S 1 C S R U V(N ). In particular, S R C S°. 

Proof of Claim W.l.li By the definition of S R , we only need to show that S R C S 1 . So suppose 
there is a vertex C G S R \ S 1 . By the definition of S R there is a non-trivial path R going from C 
to S 1 \ V(Nq), that alternates between S R and Q, and has every second edge in iVo- Then, the 
matching Nq := NqAE(R) covers more vertices of S 1 than A^o does. Further, it is straightforward to 
check that the separator Q together with the matching Nq satisfies the assertions of Theorem 12.41 
This is a contradiction, as desired. □ 

Using a very similar alternating path argument we see the following. 

Claim 6.1.2. If CD G N with C G Q and D £ S 1 then deg Greg (C, S R ) = 0. 

Using the factor-criticality of the components of G rcg — Q we extend Nq to a matching N\ as 
follows. For each component K of G rcg — Q which meets V(Nq), we add a perfect matching of 
K — V(Nq). Furthermore, for each non-singleton component K of G reg — Q which does not meet 
V(A^o), we add a matching which meets all but exactly one vertex of L n V{K). This is possible 
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as by the definition of the class LKSsmall(?i, k, rj) we have that G reg — L is independent, and so 
L n V(K) ^ 0. This choice of N\ guarantees that 

e Grcg (V\y(iV 1 )) = 0. (6.4) 

We set 

M := {AB G N : A G S R , B G Q} . 

We have that 

e Grcg (v\y(iv 1 ),y(M)ns R ) =0. (6.5) 

As S is an independent set in G reg , we have that 

Qm ■= V(M) n Q C L . (6.6) 

The matching M in G reg corresponds to an (e', 7 2 , c)-semiregular matching A4 in the underlying 
graph G rC g, with V^^Ai) C (J Q (recall that semiregular matchings have orientations on their edges). 
Likewise, we define A/i as the (e', 7 2 , c)-regular matching corresponding to N\. The A/i-edges are 
oriented so that V\(N\) n |J Q = 0; this condition does not specify orientations of all the A/i -edges 
and we orient the remaining ones in an arbitrary fashion. We write 5 R := |J S R . 

Claim 6.1.3. e Gv (L \ (21 U V(M)), S R ) =0. 

Proof of Claim [6.1.3[ We start by showing that for every cluster C G L \ V(M) we have 

deg Grcg (C,S R ) = 0. (6.7) 

First, if C G" Q, then (16. Tf) is true since S R C S 1 by Claim [6Tl . 1 1 So suppose that C G Q, and let 
D G V(G Icg ) be such that DC G N . Now if D <£ S 1 then §67B) follows from Claim [6X21 On the 
other hand, suppose D G S 1 C S°. As C £ V(M), we know that D £ S R , and thus, ([62} follows 
from (|6.3p . 

Now, by (|6.7p . G reg has no edges between L \ (21 U V(M)) and 5 R . Also, no such edges can be 
in G exp or incident with 21, since S R C S° by Claim [6.1.11 Finally, since G G LKSsmall(n, k, rj), 
there are no edges between \I/ and S. This proves the claim. □ 

We prepare ourselves for an application of Lemma f5.101 The numerical parameters of the lemma 
are ^\i l5.10t /°oi l5. lOh g t>i l5.10l anc ^ Xi l5.10l as above. The input objects for the lemma are the graph 
Gd of order n' ^ n, the collection of (jk, 7)-dense spots T>, the matching M, the (^fc)-ensemble 
^>i l5.10l := ^ R A^0^i)> an d the set I^ jg 1Q| := Lfl2t. Note that Definition 14.71 item[5l implies that 
V absorbes Ai. Further, (|5.19p is satisfied by Definition 14. 7| item[6j 

The output of Lemma 15.101 is an (e, (3, 7rc)-semiregular matching M' with the following proper- 
ties. 

(I) \V(M)\V{M')\ <en' ^ en. 
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(II) For each (T, U) G M' there are sets C £ S R and D = (A D ,B D ;E D ) G £> such that T C 
Cn An and ?7 C ((L n 21) U U Qitf) H B d . 

(Indeed, to see this we use that Vi{M) C S R and that V 2 (.M) C |J Q M by the definition 
of M.) 

(Ill) There is a partition of A4' into A4± and A^b such that 

e GT) ( ((5 R \ V(M)) U Fi(M)) \ ViiMi) , {{L n 21) U V 2 {M)) \ V 2 {M B ) ) < jkn' . 



We claim that also 

(IV) V(M') n V(Mi \M) = Q. 

Indeed, let (T, [/) G .M' be arbitrary. Then by dTTJ) there is C G S R such that T C C. By ClaimEXH 
C is a singleton component of G rcg — Q. In particular, if C is covered by N\ then C G V(M). It 
follows that TnV(Af!\M) = 0. In a similar spirit, the easy fact that (YU{JQ M )nV(J\f 1 \M) = 
together with (P) gives U D V(Mi \ M) = 0. This establishes (jlV) . 

Observe that (JTTJ) implies that Vi(A^') C 5 R , and so, by Claim l6Tl.il we know that 

Vi(M B ) C 5 r C (JS 1 C 5°. (6.8) 

Set 

M A ■= (Ni\M)\JMi ■ (6.9) 

Then Ma is an (e, (3, 7rc)-semiregular matching. Note that from now on, the sets XA, XB and 
XC are defined. The situtation is illustrated in Figure UTTl By (|IVp . we have V(M.a) H V(M.b) = 
0, as required for Lemma I6.1f [aj). Lemma I6.1tfb|) follows from (|6,8p . Observe that by ((TTJ) , also 
Lemma l6.1f [cj) and Lemma [6JjJd]) are satisfied. 

We now turn to Lemma l6.1[ jej). First we prove some auxiliary statements. 
Claim 6.1.4. We have S° \ V(Nx \ M) C S R . 



Proof of Claim \6~L4\ Let C G S° \ V(Ni \ M). Note that if C S 1 , then C G V(N\). On the other 



hand, if C G S 1 , then we use Claim EXU to see that C G S R U V(Nt). We deduce that in either 
case C G S R U V(JVi). The choice of C implies that thus C G S R U V(M). Now, if C G F(M), then 
C G S R by ((62]) and by the definition of M. Thus C G S R as desired. □ 

It will be convenient to work with a set S° C S , 5° :=(Sn|JV)\ y(G cxp ) = U S°. Note that 
S is essentially the same as S°; the vertices in S° \ S° are isolated in Gy and thus have very little 
effect on our considerations. 



By Claim \6. 1A\ we have 

s° \ v(m a ) c ( y s° \ v(m \ m)) \ v{m a ) c 5 r \ n^u)- (e-io) 
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(V(G exp )u%)ns 



L\V(M A UM B ) 



Afi\M 



M J 



Q 



Ln2l 



M 



B 



Figure 6.1: The situation in G after applying Lemma [5.101 The dotted line illustrates the 
separation as in (III). 



As every edge incident to S° \ S° is uncaptured, we see that 

E Gw (XA n 2t, S° \ V{M A )) c E Gv ((L n 21) \ V{M B ), s° \ 

(by Eint) C£ GB ((Ln2l)\7(M B ), 5 R \F(7W A )). (6.11) 

We claim that furthermore 

E Gieg (XA n |J V, 5° \ c £ Gd (((l n 21) U V 2 {M)) \ V 2 (M B ), S R \ V(M A ) ) • (6.12) 

Before proving (|6.12p . let us see that it implies Lemma [6.1l f[e]). As G 6 LKSsmall(n, k, rj), there 
are no edges between \l/ and S. That means that any captured edge from XA to S° \ V(Ma) must 
start in 21 or in |J V. Thus Lemma IfTTT jej) follows by plugging into (|6.1ip and (|6.12|) . 

Let us now prove (|6.12p . First, observe that by the definition of XA and by the definition of M 
(and M) we have 

XAnJVC (V 2 (M)\V 2 (M B )) U (L\(%UV(M))) . (6.13) 
Further, by applying (|6.10p and Claim [B~. 1.31 we get 

E Grcg (L \ (21 U V(M)), S° \ V{M A )) = • (6.14) 

Therefore, we obtain 

E Grcg (XA n |J V, 5° \ c E Grcg (XA n y V, S° \ V{M A )) 

(by ED, C E Grcg (V 2 (M) \ V 2 (M B ),S° \ V(M A )) 
U E Gvcg (L \ (21 U F(.M)), 5° \ V(M A )) 

( byE io),Esj) c s Grcg (y 2 (A^)\y 2 (A^ B ),5 R \y(^A)) , 
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as needed for (|6.12p . 

In order to prove (Jf]) we first observe that 



V{Mi) \ V(M A UM b )^ V(M) \V((Mi\M)UMiUM b ) 



(V(jVi) n V(M)) \ V(Mb U -Mi) 
1 (V*(M) n V*(M)) \ V(M') 

V{M)\V{M). (6.15) 



Now, we have 



e Gies (V(G) \ V(M A U Mb)) ^ e Greg (V(G) \ V(Mi)) + £ deg G » 

■u6V(A/i)\V(MAUA1 i 3) 

(by E3 and H3D) < ^ deg Gv (f ) 
«eV(M)\y(JW') 

< \V(M)\ V{M')\n*k 

(by 0) < eQ*kn , 

which shows (||J. 

Let us turn to proving (jgj). First, recall that we have V(N%) C V(A / f / ) U V(Wi) (cf. 16. 9|) . Since 
V(7Vi) n 21 = we actually have 

V(Ah) = v(JV a ) n V(M') . (6.16) 

Using (|6.16p and (dJ) we get 

e Grcg (V(G) \ V(M), V(JV«)) < e Grcg (V(G) \ V(M), V(A<') D S R ) 

(by ED) < e Greg (V(G) \ V(M), (V(M') \ V(M)) n S R ) 
(by 03) < e Grcg (V(G) \ V(M), (V(M') \ V(M)) D S R ) 

^2e Greg (y(G)\V(M)) , P , 0. (6.17) 

We have 

e Grcg (V(G) \ V(.Ma U M B ), V(N*)) ^ e Greg (V(G) \ V"(M), V(A^)) 

+ e Greg (V(M) \ V(Mi U Mb), V(G)) 
(byEHJ) < 0+ |V(M) \ V{M A UM B Wk 
(by mg. (D) e£l*kn , 

as needed. 

We have thus shown Lemma 16 . 1 flal) -(jgj) . It only remains to prove Lemma [6JjJh|) , which we will 
do in the remainder of this section. 
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We first collect several properties of XA and XC. The definitions of XC and S° give 

|XC|(l + 77)^e G (XC,S \y(^ A U7W B )) < \S° \ V(M A U M B )\(1 + rj)k . (6.18) 
Each v G XC has neighbours in S. Thus, by [2j of Definition 12.61 we have 

deg G (v) = \(l + n)k] (6.19) 

for each v G XC. Further, each vertex of XC has degree at least (1 + 77) | into S, and so, 

k~ 



e G (S,XC) > |X« 



(6.20) 



Consequently (using the elementary inequality \a] — [|] ^ §), 

<KTT9t 

e G (XA,XC) < |XC|r(l+»7)fcl -e G (5,XC) 

< |XC|(l + 77)- (6.21) 

< |5°\F(A^ A U7W i j)|(l + r ? )A; . (6.22) 

Let M eood be defined as in Lemma Ed®, that is, A4 goo d := {(A- ) G A* a : ^U8C XA}. 
Note that (USD implies that A C S for every (A, B) G Af B . Thus by the definition of XA, 

if (A, B) G M A LI Mb with All B C L then (A, B) G M sood . (6.23) 

We will now show the first part of Lemma l6.1Hlhl) . that is, we show that each A4 goo d-edge is 
an edge of G reg . Indeed, by (JTTJ) , we have that V\(Mi) C S, so as XA fl S = 0, it follows that 
A4i fl .Mgood = 0- Thus .A/fgood ^ A/i- As A/i corresponds to a matching in G rcg , all is as desired. 

Finally, let us assume that neither (Kl) nor (K2) are fulfilled. After five preliminary observa- 
tions (Claim 16.1.51 -Claim 16.1.9"]) . we will derive a contradiction from this assumption. 

Claim 6.1.5. We have \SnV(M A )\ ^ \XAnV(M A )\- 

Proof of Claim W.l.h\ To see this, recall that each A^A-vertex U G V(A^a) is either contained in 
5, or in L. Further, if U C S then its partner in Ma must be in L, as S is independent. Now, the 
claim follows after noticing that L n V(Ma) = XA n V(Ma)- □ 

Claim 6.1.6. We have \S \ V(M A U M B )\ + Inn < \XA\V(M A )\ +W 3 - 
Proof of Claim \6.1.6\ As G G LKS(n, k,n), we have \S\ + 2r/n ^ \L\. Therefore, 



\S\V(M A UM B )\+2rin^\L\V{MA l JMB)\+ Yl \AUB\ 

(A,B)e< 

Au 

^\XA\V(M A )\ + \V(M good )\ 



{A,B)aM A UM B 
AUBCL 



■n(K2) 

< |XA \ V{M A )\ +W3 • 



□ 
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Claim 6.1.7. We have e Gv (XA n (21 U V(M)), S R \ V(M A )) <nkn/2. 



Proof of Claim \6.1. 7\ As 



XAn (auV(M)) C ((Ln^)UV 2 (M))\V 2 (M B ) and 
S R \ V(M A ) C ((S R \ F(M)) U 7i(M)) \ , 

we get from (|III|) that 

eGj, (XA n (21 U V(.M)), S R \ V{M A )) < 7^n . (6.24) 

Observe now that both sets XAn (%\JV(M)) and S R \V(M A ) avoid Further, no edges between 
them belong to G cxp , because Claim EH] implies that S R \ V{M A ) Q S° C V(G) \ F(G cxp ). 
Therefore, we can pass from Gx> to G\j in (|6.24|) to get 



□ 



e Gv (XA n (21 U F(7W)), 5 R \ V(M A )) < ikn < nkn/2 . 

Claim 6.1.8. We have S \ (S R U V(M A )) Q S \ (S° U V(M A U .Mb))- 

Proof of Claim [6.1.8[ The claim follows directly from the following two inclusions. 

5 r UF(A^a) 5 5ny(A^ A U7W B ) , and (6.25) 
S R U V(.M A ) 5 5° . (6.26) 



Now, (^251) is trivial, as by © we have that 5 R 3S(1 F(Mb). To see (^261) . it suffices by (JBSJ 
to prove that F(iVi \ M) U S R D S°. This is however the subject of Claim EH □ 

Next, we bound e Gv (XA, S) . 
Claim 6.1.9. We have 

e Gv (XA, S) ^ \S n V(M A )\{1 + rf)k + \S \ (5° U V(M A U M B ))|(1 + v)k + X -nkn . 

Proof of Claim \6.1.9l We have 

e Gv (XA, S) = e Gv (XA, S n F(Ma)) 

+ e Gv (XA,S\(S R uW)) 

+ e Gv (XA \ (21 U V(M)), S R \ V{M A )) 

+ e Gv (XAn(VlUV(M)),S R \V(M A )) . 

To bound the first term we use that the vertices in S D V(A4 A ) each have degree at most (1 + r/)k, 
and thus obtain e Gv (XA, SnV(Ai A )) ^ \SnV(M. A )\(l + r])k. To bound the second term, we again 
use a bound on degree of vertices of S \ ((S R U V(M A )) U (S° \ S )), together with Claim HTl.81 
The third term is zero by Claim [6~. 1.31 The fourth term can be bounded by Claim IB". 1.71 □ 
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V 



-(K2) 



"excess" size > a; 
(by Claim 6.1.6) 




S\(V{M a UMb)US°) 



almost no edges from '. 
(by -.(Kl) and (III)) 




® 



size < 2x 
(by (6.18)) 

xsize > 2x 
(edge counting 



mg) 



S°\V{M A UMi 



Figure 6.2: A simplified computation showing that -i(Kl), ->(K2) leads to a contradiction. 
Denoting by x the size of S°\V(M.a^M-b) we get ® |XC| ^ 2x. On the other hand, each vertex 
of XA emanates > k edges which are absorbed by the sets V\(Ma), S \ {V(Ma UMb)US°), 
and XC. The vertices of Vi{M A ) and S \ {V{M A UM B )U S*°) can absorb < k edges. The 
vertices of XC receive < § edges of XA by (fPTj) . This leads to © |XC| > 2x, doubling the size 
of the "excess" vertices of XA. 



A relatively short double counting below will lead to the final contradiction. The idea behind 
this computation is given in Figure ROl 
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6.2 The role of Lemma \5.1U\ in the proof of Lemma \6.1\ 



IA\(1 + rj)k < de S G ( v ) 

v&XA 



deg Gv (t;) + 2(e(G)-e(Gv)) 
2e Gv (XA) + e Gv (XA, XB) + e Gv (XA, XC) 



+ e Gv (XA,5) + ^ 

(by n(Kl), t6T22l , 06.1.91 ^ -ryfcn + \S° \ V{M A UM b )|(1 + rj)k 

+ \SnV(M A )\(l + V )k (6 _ 27) 

+ \s \ (s° u u A* B ))|(i + 77)* 

7 

(bycEEH < -r ? /cn + |5'\y(7WAU^ B )|(l + r7)A: 

D 

+ \XAnv(M A )\(i + v)k 

7 5 
(bycEEH ^ -r]kn+ (\XA\V(M A )\ - -r]n){l + rf)k 
b 6 

+ |XADF(Ma)|(1 + »7)A; 
< |XA|(1 + rf)k - -rjkn , 

a contradiction. This finishes the proof of Lemma l6,l[ □ 
6.2 The role of Lemma 15.101 in the proof of Lemma 16.11 

Let us explain the role of Lemma 15.101 in our proof of Lemma 16. 11 First, let us attempt to use just 
the sparse decomposition V to embed a tree T € trees(fc) in G £ LKS(n, k, rj). We will eventually 
see that this is impossible and that we need to enhance V by a semiregular matching (provided by 
Lemma I5.10|) . 

We wish to find two sets VA and YM which are suitable for embedding the cut vertices W A 
and Wb of a rfe-fine partition (W A , Wb,<S A , <Sb) of T, respectively. In this sketch we just focus on 
finding VA; the ideas behind finding a set suitable set VM are similar. 

To accommodate all the shrubs from S A — which might contain up to k vertices in total — we 
need VA to have degree at least Xlr*65 A V (T*) into a suitable set of vertices we reserve for these 
shrubs. (The neighbourhood of a possible image of a vertex from W A has to allow space for its 
children and for everything blocked by shrubs from S A embedded earlier.) 

Our methods of embedding in Section [8] determine which sets we find 'suitable' for S A : these 
are the large vertices L^^G), the vertices of the nowhere-dense graph G ex p, the avoiding set 21, and 
any matching consisting of regular pairs. This motivates us to look for a semiregular matching Ai 
which covers as much as possible of the set S° := S rh k{G) \ (^(G exp ) U 21) which consists of those 
vertices not utilizable by any other of the methods above. As a next step one would prove that 
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there is a set VA with 

deg min (VA,V(G)\(S°\V(M)))>k. 

In the dense setting [PS12| . where the structure of G is determined by G reg , and where S° = E> V! k{G), 
such a matching Ai can be found inside G reg using the Gallai-Edmonds Matching Theorem. But 
here, just working with G reg is not enough for finding a suitable semiregular matching as the 
following example shows. 



L„, fc (G)=a S° = S„, fc (G) 




Figure 6.3: An example of a graph G £ LKS(n, k, r/ := j^) in which G reg is empty, and yet 
there is no candidate set for VA of vertices which have degrees at least k outside the set S°. 

Figure I6T31 shows a graph G with h v ^(G) C 21, and where the vertices in S° = S^/^G) form 
clusters which do not induce any dense regular pairs. Each L^ i fc(G)-vertex sends 0.7k edges to 
L, V! h(G) and 0.4A: edges to § Vj k(G), and each § r) / c (G)-vertex receives 0.5A: edges from L^/^G). The 
edges between L^/^G) and S^/^G) are contained in V. No vertex has degree > k outside S°, and 
the cluster graph G rcg contains no matching. 

However in this situation we can still find a large semiregular matching A4 between L^^G) and 
Sri t k(G), by regularizing the crossing dense spots T>. (In general, obtaining a semiregular matching 
is of course more complicated.) 

The example relates to Lemma 16.11 by setting XA := VA, and Ma '■= M.. Indeed, (jej) of 
Lemma 16.11 savs that XA- vertices send almost no edges to S° \ V(A4a), and thus (since XA C 
Ljj^G)), they have degree > k outside 5° \ V(Ma)- 

7 Configurations 

In this section we introduce ten configurations — called (ol)-(olO) — which may be found in a 
graph G € LKS(n, k, rj). We will be able to infer from the main results of this section (Lemmas l7.33l 
I7.35j) and from other structural results of this paper that each graph G S LKS(n, k, rj) contains 
at least one of these configurations. Lemmas I7.33H7.351 are based on the structure provided by 
Lemma 16.11 which itself is in a sense the most descriptive result of the structure of graphs from 
LKS(n, k,rj). However, the structure given by Lemma 16. II needs some burnishing. It will turn out 
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7.1 Shadows 

in Section [8] that each of the configurations (ol)-(olO) is suitable for the embedding of any tree 
from trees (/c) as required for Theorem 11.31 

This section is organized as follows. In Section [7J] we introduce an auxiliary notion of shadows 
and prove some simple properties of them. Section 17.21 introduces randomized splitting of the 
vertex set of an input graph. In Section 17.31 we define certain cleaned versions of the sets XA and 
XB, and introduce other building blocks for the configurations (ol)-(olO). In Section [7.41 we state 
some preliminary definitions and introduce the configurations (ol)-(olO). In Section [7.61 we prove 
certain "cleaning lemmas" . The main results are then stated and proved in Section 17.71 The results 
of Section 17.71 rely on the auxiliary lemmas of Section 17.21 and 17.61 



7.1 Shadows 

We will find it convenient to work with the notion of a shadow. Given a graph H, a set U C V(H), 
and a number £ we define inductively 

shadow^ (U,£) := U, and 

shadow^ (U,£) := {v e V(H) : deg H (v, shadow J _1) (C7, £)) > £} for i ^ 1. 

We abbreviate shadow^ (U,£) as shadow # (U, £). Further, the graph H is omitted from the 
subscript if it is clear from the context. Note that the shadow of a set U might intersect U. 

Below, we state two facts which bound the size of a shadow of a given set. Fact 17.11 gives a 
bound in general graphs of bounded maximum degree and Fact 17.21 gives a stronger bound for 
nowhere-dense graphs. 

Fact 7.1. Suppose H is a graph with deg max (H) ;C fifc. Then for each a > 0,i 6 {0, 1, . . and 
each set U C V(H), we have 



|shadow«(C/,afc)| < \U\ . 



Proof. Proceeding by induction on i it suffices to show that |shadowW(C/, ak)\ ^ 0|f/|/a. To this 
end, observe that U sends out at most fife|Z7| edges while each vertex of shadow([7, ah) receives 
at least ak edges from U. □ 

Fact 7.2. Let a, 7, Q > be three numbers such that Q J? 1 and 16Q ^ ^. Suppose that H is a 
(7^,7) -nowhere- dense graph, and let U C V(H) with \U\ ^ Qk. Then we have 

16Q 2 7 

shadow(C7, ak)\ ^ k. 

a 

Proof. Suppose otherwise and let W C shadow([/, ak) be of size \W\ = ^S^k < Qk. Then 
e H {U \JW)^\ T,vew de Sn( v ^ u ) > 8jQ 2 k 2 . Thus H[U U W] has average degree at least 

\u\ + \w\ > lQk ' 
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and therefore, by a well-known fact, contains a subgraph H' of minimum degree at least A^Qk. 
Taking a maximal cut (A, B) in H' , it is easy to see that H'[A,B] has minimum degree at least 
2'yQk ^ jk. Further, H'[A,B] has density at least ^TTbF ^ 7' contradicting the fact that iif is 
(7/u, 7)-nowhere-dense. □ 

7.2 Random splitting 

Suppose a graph G (together with its bounded decomposition^}) is given. In this section we split 
its vertex set in several classes in a given ratio. It is important that most vertices will have their 
degrees split obeying approximately this ratio. The corresponding statement is given in Lemma [7.31 
It will be used to split the vertices of the host graph G = Cy jj^j] according to which part of the 
tree T = I^ jj^] G trees(/c) they will host. More precisely, suppose that (Wa,Wb,Sa,Sb) is an 
^-fine partition of T (for a suitable number £). Let t; nt and t en ^ be the total sizes of the internal 
and end shrubs, respectively. We then want to partition V(G) into three sets ^Poi^P±i^P2 (which 
correspond to iXi , H2 , in Lemma |T.3|) in the ratio (approximately) 

(\W A \ + \W B \) ■■ tint : tend 

so that degrees of the vertices of V(G) are split proportionally. This will allow us to embed the 
vertices of Wa U Wb in *Po) the internal shrubs in *Pi, and end shrubs in *$2- Actually, as our 
embedding procedure is more complex, we not only require the degrees to be split proportionally, 
but also to partition proportionally the objects from the bounded decomposition. In Section 17.51 
we give some reasons why such a random splitting needs to be used. 

Lemma [7.31 below is formulated in an abstract setting, without any reference to the tree T, and 
with a general number of classes in the partition. 

Lemma 7.3. For each p G N and a > there exists ko > such that for each k > ko we have the 
following. 

Suppose G is a graph of order n ^ ko and deg max (G) $S Q*k with its (k, A, 7, e, A; -0,05 , p)- 
bounded decomposition (V, V, G reg , G ex p, 21)- As usual, we write Gy for the subgraph captured by 
(V, V, G rcg , G cxp , 21), and Gt> for the spanning subgraph of G consisting of the edges in V. Let 
Ai be an (e, d, k°' 95 )-semiregular matching in G, and Hi, . . . ,iip be subsets of V(G). Suppose that 
IT ^ 1 and Q*/~f < k 0A . 

Suppose that qi,...,q p G {0} U [a, 1] are reals with J^Qi ^ 1- Then there exists a partition 
01 U . . . U £} p = V(G), and sets V C V(G), V C V(M), V C V with the following properties. 

(1) \V\ < exp(— k 0A )n, \ \JV\ ^ exp(— k 0A )n, \ \JV\ < exp(— n . 

(2) For each i G [p] and each C G V \ V we have \C n Qi| ^ qi\£U\ ~ k ' 9 . 

14 Note that in general we apply a sparse decomposition (as opposed to a bounded decomposition) on the graph 
G = G > r jY3t cf. Lemma [4. 141 However, it turns out that when the vertices M/ of huge degrees form a substantial part 
of G (which is when the need of transition from bounded to sparse decomposition arises) , the result of this section is 
not needed. 
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(3) For each i G [p] and each C G V{M) \ V we have \C n £U| ^ qi|0j| - A: - 9 . 

ftj For eac/i i € [p], Z? = (E7, VF; F) G P and deg min D (£7 \ V", VF n £3<) > q^Jfe - A; ' 9 . 

^ For each i,j G [p] we have \Qi nilj| ^ qj|%| — n - 9 . 

(6) For each i G [p] each J C [p] and eac/i u G V(G) \ V" we /iawe 

deg H (v, 0, n ilj) ^ q* deg^ilj) - 2~ P A; - 9 , 
for each of the graphs H G {G, Gy, G cxp , G©, GyUGxi}, whereilj := ( f| ie j%) \ ( Uje[p]\J%) ■ 
f7j For eac/i i,i',j,f G [p] (j / j'j, we have 

e H (&i n%£V n%) > qiq^e^ - fc°- 6 n - 6 , 
ejf(£2i n%,£2i' DiXj) > q»qi'e(fr[%]) - fc a6 n a6 */» / i', and 
e(ZZ [0»n%]) > qfe(F[%]) - AW' 6 . 

/or eac/i of the graphs H G {G, Gy, G eX p, Gd, Gy U Gu}. 
f<Sj For eac/i z G [p] i/q^ = i/ien £}j = 0. 

Proof. We can assume that Yl q^ = 1 as all bounds in ([2]) ((7J) are lower bounds. Assume that k 
is large enough. We assign each vertex v G V(G) to one of the sets £2i, ■ ■ • , H p at random with 
respective probabilities qi, . . . , q p . Let V\ and V% be the vertices which do not satisfy (jlj) and ([6]), 
respectively. Let V be the sets of V{M) which do not satisfy ([3]), and let V be the clusters of V 
which do not satisfy fl2J). Setting V := V\ U V2, we need to show that dU, © and are fulfilled 
simultaneously with positive probability. Using the union bound, it suffices to show that each of 
the properties (HJ, ([5]) and ([7]) is violated with probability at most 0.2. The probability of each of 
these three properties can be controlled in a straightforward way by the Chernoff bound. We only 
give such a bound (with error probability at most 0.1) on the size of the set V\ (appearing in (H|)), 
which is the most difficult one to control. 

For i e [p], let V\ t i be the set of vertices v for which there exists D = (U,W;F) G T>, U 3 v, 
such that deg D (v, W n£}j) < q^/c — A; ' 9 . We aim to show that for each % G [p] the probability that 
|Vi,i| > exp(— k°' 2 )n is at most j^. Indeed, summing such an error bound together with similar 
bounds for other properties will allow us to conclude the statement. This will in turn follow from 
the Markov Inequality provided that we show that 

EO^IK^-expt-^'V (7.1) 

Indeed, let us consider an arbitrary vertex v G V(G). By Fact 14.3} v is contained in at most fi* /*y 
dense spots of V. For a fixed dense spot D = (U, W; F) G V with v G U let us bound the probability 
of the event £ ViijD that deg D (n, W n Qi) < qak - A; ' 9 . To this end, fix a set N C W n N D (v) of 
size exactly jk before the random assignment is performed. Now, elements of V(G) are distributed 
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randomly into the sets Hi, . . . , p . In particular, the number |£2j n N\ has binomial distribution 
with parameters jk and q^. Using the Chernoff bound, we get 

P[Sv,i,D] < P n N\ < qak - k - 9 ] < exp(-A: - 3 ) . 

Thus, it follows by summing the tail over at most CI* /j A; 0,1 dense spots containing v, that 

P[t)£ < A; ' 1 • exp(-A: - 3 ) . (7.2) 

Now, (|7.ip follows by linearity of expectation. □ 

Lemma 17.31 is utilized for the purpose of our proof of Theorem 11.31 using the notion of propor- 
tional partition introduced in Definition 17.61 below. 

7.3 Common settings 

Throughout Section[7]and Section[5]we shall be working with the setting that comes from Lemma fc.ll 
In order to keep statements of the subsequent lemmas reasonably short we introduce the following 
setting. 

Setting 7.4. We assume that the constants A, fl*, Q** , ko and a, 7, e, e' , 77, ir, p, r, al satisfy 

11 1 / 1 , s 

r/> 7 ^> 7 ^>P>7>0^07r^a^E / ^>T> — >0, (7.3) 

and that k ^ k$. Here, by writing c> ai > 02 ^ • • • > flf > we mean that there exist non- 
decreasing functions h_. (0, cf — > (0, c) (i = 1, ...,£— 1) such that for each i € \i — 1] we have 
ai+i < /i(oi, . . . ,Oi). [£l 

Suppose that G £ LKSsmall(n, fc, 77) is given together with its (k,£l** ,Q* , A, 7, e' , i/, p) -sparse 
decomposition 

V = (*,V,P,G rcg ,G cxp ,2l) , 

mi/i respect to the partition {S T)) fe(G ! ),L r)i fe(G)}, and wii/i respect to the avoiding threshold 10 qq* ■ 
We write 

V^n := shadow Gv _*(2t, and V. a :={CeV : C C K^} . (7.4) 

The graph G rog is i/te corresponding cluster graph. Let c be the size of an arbitrary cluster in 
V@ Let Gy be the spanning subgraph of G formed by the edges captured by V. There are two 
(e,d,TTc)-semiregular matchings Ma and Mb in Gx>, with the following properties (we abbreviate 
XA := XA(t],V,Ma,Mb), XB := XB(r/, V, Ma, Mb), and XC := XC(t7, V, M A , Mb)): 

1. V(M A )r)V(M B ) = ®, 



1 The precise relation between the parameters can be found on page 11541 with Q** := flj+i and f2* := Q.j for a 
certain index j £ [g] to be specified in the course of the proof there. 

16 The number c is not defined when V = 0. However in that case c is never actually used. 
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2. V l {M B )QS°, where 

S° :=S r? , fc (G)\(y(G cxp )U2l) , (7.5) 

3. for each (X, Y) G Ma UMb, i/iere zs a dense spot (U, W;F) G £> with X C U and Y <Z W , 
and further, either X C S^^G) or X C ^^(G), and Y C S^^G) or Y C L^fc(G), 

^. /or eac/i Xi G Vi(-M A UMg) i/iere exists a cluster C\ G V suc/i i/iai Xi C Ci, and /or eac/i 
X 2 G V 2 (7Wa UMg) i/iere exists G 2 G V U {L V)k (G) n 21} sucft i/iai X 2 C C 2j 

5. eac/i pair of the semiregular matching -Mg 00 d := {(Xi,X 2 ) G Ma ■ Xi U X 2 C XA} corre- 
sponds to an edge in G reg , 

6. e Gv (XA,S°\Y(.M A )) <7*n, 

7- e Grcg (Y(G) \ Y(7W A U7W B )) < 7 2 A;n, 

5. /or i/ie semiregular matching M% := {(X, Y) G .M A U .M_b : (X U Y) n 21 / 0} we /taue 
ec rog (Y(G) \ Y(M A U Mb), V{N%)) ^ 7 2 ^, 

9. \E(G)\E(G V )\ ^ 2pkn, 

10. \E(G v )\(E(G vcg )UE G [%^U[jV})\ <§ 7 *n. 

We write 

V + :=V(G)\(S°\V(M A UM B )) (7.6) 

= L^G) U Y(G cxp ) U 21 U V{M A U A*b) , (7.7) 

L # := L^G) \ L ^^(GV) , and (7.8) 

Y g ood:=Y + \(*UL # ), (7.9) 



YA := shadow Gv (V + \ L # , (1 + ^fcj \ shadow G _ Gv (V(G), -^kj , (7.10) 

YB := shadow Gv (v+ \ L # , (1 + \ shadow G _ Gv (v(G), JLfc) , (7.11) 

Fyc* := (XA U XB) n shadow G -^k) , (7.12) 

Pa 
Pi 
P 
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shadow Greg (Y(AA 2l ), 7 fc) \ V{M A UM B ) , 
shadow Greg (Y(G) \ V(M A U .Mb), 7*0 \ Y(7W A U A* B ) 
(XA \ YA) U ((XA U XB) \ YB) U V^q, U L # U Pi 

U shadowy uG v (^/>* Ui # UP a UPi, j^) , 



P 2 :=XAnshadow Gv (5°\Y(X A ),^) , 
P 3 := XA n shadow Gv (XA, n 3 fc/10 3 ) , 

T-={Ce V{M A ) :GCXA}uVi(M b ) . (7.13) 
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The vertex set YA in Setting 17.41 should be regarded as XA cleaned from rare irregularities. 
Indeed, as it turns out most of the vertices from XA are contained in YA. Likewise, YB should be 
regarded as a cleaned version of XA U XB. These properties are stated in Lemma 17.91 below. 

On the interface between Lemma [7. 32 1 and Lemma f7.35l we shall need to work with a semiregular 
matching which is formed of only those edges E(T>) which are either incident with 21, or included 
in G^g . The following lemma provides us with an appropriate "cleaned version of T>" . The notion 
of being absorbed adapts in a straightforward way to two families of dense spots: a family of dense 
spots V\ is absorbed by another family T>2 if for every D\ £ T>2 there exists D2 £ T>2 such that D\ 
is contained in D2 as a subgraph. 

Lemma 7.5. Assume Setting \7.4\ Then there exists a family T>xj of edge- disjoint (7 3 /c/4, 7/2)- 
dense spots absorbed by T> such that 



1. \E(V) \ E(V V )\ ^ pkn, and 

2. E(Pv) C £(G rcg )U£(G[2l,2luUV]). 

The proof of Lemma 17.51 is a warm-up for proofs in Section 17.6 



Proof of Lemma 7.5. We discard those dense spots DgP for which 

\E(D)\(E(G Teg )U E(G[%% U[JV})\ > ^fe(D) . (7.14) 

For each remaining dense spot D £ T> we show below how to extract a (7 3 fc/4, 7/2)-dense spot 
D' CD with e(D') > (1 - 2y/7)e(D) and E(D) C E(G rcg ) U E(G[% 21 U \J V]). Let V v be the set 
of all thus obtained D' . This way we ensure Property 2, and we also have Property 1, since 

\E(V) \ E(Vy)\ ^ -L E(V) \ {E(G rcs ) U E(G[% 21 U (J V])) + 2^7 • e(V) 

(by a^.4ll0l , and as e(T>) sC e(G) ^ fen) ^ 2>pkn . 

We now show how to extract a (7 3 /c/4, 7/2)-dense spot D' C D with e(D') ^ (1 — 2^y)e(D) 
and E(D) C E(G Teg ) U E(G[2t,2t U |J V]) from any spot D £ V which does not satisfy (l7TT4|l . Let 
I? = (A, B;F), and a := \A\, b := \B\. As D is (7/c, 7)-dense, we have a, 6 ^ 7/c. First, we discard 
from D all edges not contained in E(G reg ) U E(G[$l, 21 U |J V]) to obtain a dense spot D* C L) with 
e(.D*) ^ (1 — Ty7)e(-D). Next, we perform a sequential cleaning procedure in D*. As long as there 
are such vertices, discard from A any vertex whose current degree is less than 7 2 6/4, and discard 
from B any vertex whose current degree is less than 7 2 a/4. When this procedure terminates, the 
resulting graph D' = (A',B';F') has deg m ' m D ,{A') ^ 7 2 6/4 ^ 7 3 /c/4 and deg min D ,(B') ^ 7 3 A;/4. 
Note that we deleted at most a • 7 2 6/4 + b • 7 2 a/4 edges out of the at least (1 — ^y)e{D) edges of 
D*. This means that e(D') ^ (1 - <fy)e(D) - j 2 ab/2 ^ (1 - 2yfi)e(D), as desired. Thus we also 
have the required density of D', namely d£)i(A' , B') ^ (1 — 2^/7)7 ^ 7/2. □ 

In some cases, we shall in addition partition the set V{G) into three sets as in Lemma l7.31 This 
motivates the following definition. 
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Definition 7.6 (Proportional splitting). Let po, pi, P2 > be three positive reals with ^ p,; ^ 1. 
Under Setting \7.J\ suppose that (^0,^1,^2) is a partition ofV(G) \ \l/ which satisfies assertions 
of Lemma \7.3\ with parameter p > j \f^\ '■= 10 for graph G^ j^j] := (Gy ~~ ^) U Gx> (here, by the union, 
we mean union of the edges), bounded decomposition (V, V, G rcg , G cxp , 21), matching A^ j^] := 
M A U M b , sets id := F good ,il 2 := XA \ (* U P), il 3 := XB \ P, il 4 := F(G cxp ), U 5 := 21, 
il 6 := K^a, % := Pa, H 8 := L^,fc(G), lt 9 := L#, ili := and rea/s qi := p , q 2 := pi, q3 := f>2, 
q4 := . . . qio = 0. iVoie i/iat fry Lemma pO| j8|) we have that (^0,^1,^2) is a partition ofV(G) \ 
We call (^0,^1,^2) proportional (po : pi : P2) splitting. 

We refer to properties of the proportional (po : pi : P2) splitting (tyo, *$i, ^2) using the numbering 
of Lemma \7.3[ for example, "Definition \ 7. 6) {5]) " tells us among other things that | (XA \ P) n *Po| ^ 
p |XA\ (PU*)| -n - 9 . 



Setting 7.7. Under Setting [7^1 suppose that we are given a proportional (po : pi : P2) splitting 
(^0,^1,^2) ofV{G) \ We assume that 

Po,Pi,p2^^- (7.15) 



Let V, V, V be the exceptional sets as in Definition \ 7. 6] {T]) . 
We write 

F := shadowy (UVUUV*U(JV,^ , (7.16) 

where V* are the partners ofV in Ma U Mb- 
We have 

|F| en . (7.17) 

For an arbitrary set U C V(G) and /or i G {0, 1, 2} we write U'* for the set U Pi 
For eac/i (X, y) G Af ,4 U M b such that X,Y ^ V we write (X, Y) ^ for an arbitrary fixed pair 
(X' C X,Y' C y) TOia £ae property that \X'\ = \Y'\ = min{\X li \, \Y li \}. We extend this notion of 
restriction to an arbitrary semiregular matching N C A^ U Af _b as follows. We set 

A/ N := {(X,Y) ri : (X,y) G A/ iwtfc X,Y i V} . 

The next lemma provides some simple properties of a restriction of a semiregular matching. 

Lemma 7.8. Assume Setting [7771 Taen /or eac/i i G {0, 1,2}, and for each M C AJa UMb ^ 
/iai>e i/tai A/' 1 is a (^jp, ^, t^c) -semiregular matching satisfying 

\V(Af^)\ > pi\V(AT)\ ~ 2k~ om n . (7.18) 



v 2 k 
To 5 "' 



Moreover for allv^W and for all i = 0, 1, 2 we aaue deg Gr) (u, F(A/)^ \ y(A/ fl )) ^ 
Proof. Let us consider an arbitrary pair (X, Y) G A/. By Definition I7.6l f3|) we have 

|Xh > pJXl - A; ' 9 ^ — X and |Y ri | ^ Pi\Y\ - k ^ —\Y\. (7.19) 

200 200 1 1 v ; 
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In particular, Fact 12.71 gives that (X, Y)^ is a 400e/7?-regular pair of density at least d/2. 

We now turn to (17.180 . The total order of pairs (X, Y) G N excluded entirely from N^ 1 is at 
most 2 exp(— k°' 1 )n < & _0 05 n by Definition I7.6t fi~j). Further, for each (X, Y) G N whose part is 
included to 7V fl we have by that ^ p;(|X| + \Y\) - 2k - 9 by (I7TT9D . As \M\ s$ 

and flTTgj) follows. 

For the moreover part, note that by Fact 14.31 and Fact 14.41 



□ 



The following lemma gives a useful bound on some of the sets defined on page [ 

Lemma 7.9. Suppose we are in Setting Suppose that all but at most (3kn edges are captured 
by V. Then, 

, , 20/3 

\L # \ ^ —n (7.20) 
IXA \ YA| ^ ^^-n , and (7.21) 
I(XAUXB) \ YBK ^-n . (7.22) 
Further, i/e G (*,XAUXB) ^ (3kn then 

100/3n 



s$ — . (7.23) 

7] 



200/3 



Proof. Let W x := {v G V(G?) : deg G (v) - deg Gv » ^ r?A:/100}. We have \Wi\ ^ ^ 



Observe that L# sends out at most (1 + ^rj)k\L^\ < ^-kn edges in Gy- Let W2 ■= {v G 



400/3 



n. 



V(G) : deg Gv (i;,L # ) ^ rjk/10}. We have |W 2 | < ™ 

Let W 3 := {v G XA : deg Gv (v, S \ V{M A )) > y/lk}- By Property M we have |W 3 | ^ y^n. 
Now, observe that XA \ YA C W\ U W 2 U W 3 , and XB\¥BCWiUW 2 . 

The bound (|7.23|) follows in a straightforward way. □ 

We finish this section with an auxiliary result which will only be used later in the proofs of 
Lemmas 17.341 and 17.351 



Lemma 7.10. Assume Settings \l.J\ and 7.1 We have that for i = 1, 2 

„2 



XA r ° \ (P U F) C % \ (F U shadowy (V^ , (7-24) 

deg min Gv (XA \ (P U V), V» od ) > Pi (l + ±)k , (7.25) 

deg min Gv (XB \ (P U V), V* od ) > h (l + , and (7.26) 

deg max Gv (XA \ (P 2 U P 3 ), |J T) < ^3 fe . (7.27) 
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Moreover, T defined in (|7.13p is an {Ma UjMs)- 



cover. 



Proof. The definition of P gives (|7.24p . 

For (|7.25p and (|7.26p . assume that i = 2 (the other case is analogous). Observe that 



deg mm Gv (YA\(V^* unload, 
(by DefEMJ) ^ p 2 • deg min Gv (YA \ V/>«, V gooA ) - A; ' 9 

(byEU) ^p 2 - (deg min Gv (YA,y + \L # )-deg max Gv (YA\y^,*)) -A: ' 9 

(by esa, eh) ^ p 2 • ^(i + j^)k - - k - 9 
(by EH. EHJ) ^ f>2 • (l + 2q)A; , 
which proves ([7g5]) , as XA \(PUV r ) C YA \ (V^q, U V). Similarly, we obtain that 

deg min Gv (YB \ (V^ U V), V^ od ) > p 2 (l + , 

which proves (|7.26p . 

Wehavedeg max Gv (XA\P 3 ,XA) < jj^k, and deg max Gv (XA\P 2) S°\V{M A )) < ^k. Thus ((722} 
follows from Setting EH® and by (TOjl . 

For the "moreover" part, it suffices to prove that {C G V(A^a) : C C XA} = T \ V\{Mb) is 
an A^A-cover. Let (T 1 ,T 2 ) C .A/f^. As G G LKSsmall(n, fc, 77), we have by Setting ED© that for 
some i G {1,2}, Tj is contained in L^ ^G). Then by Setting [TT^t fT]) . Tj C XA, as desired. □ 

7.4 Types of configurations 

We can now define the following preconfigurations (#), (^1), (^2), (exp), and (reg), and the 
configurationa^l (ol)-(olO). It will follow from results from other sections that at least one of the 
configurations (ol)-(olO) appears in each graph LKS(ra, k, rf). More precisely, after getting the 
"rough structure" in Lemma [6. II we get one of the configurations (ol)-(olO) from Lemma f7.32l The 
latter lemma reduces the situation to one of three cases which are then dealt with in Lemmas 17.331 
17.351 separately. Then, in Section [8j we provide with an embedding for a given tree T^r jj-^j G 
trees(&). 

We now give a brief overview of these configurations. Configuration (ol) covers the easy and 
lucky case when G is contains a subgraph with high minimum degree. A very simple tree-embedding 
strategy similar to the greedy strategy turns out to work in this case. 

The purpose of Preconfiguration (Jfr) is to utilize vertices of . On one hand these vertices seem 
very powerful because of their large degree, on the other hand the edges incident with them are very 
unstructured. Therefore Preconfiguration (X) distills some structure in This preconfiguration 
is then a part of configurations (o2)-(o5) which deal with the case when SI/ is substantial. Indeed, 



17 The word "configuration" is used for a final structure in a graph which is suitable for embedding purposes while 
"preconfigurations" are building blocks for configurations. 
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Lemma 17.331 asserts that whenever Vl/ is incident with many edges in the setting provided by 
Lemma |6.1| at least one of configurations (ol)-(o5) must occur. 

The cases when the number of edges incident with \l/ is negligible are covered by configura- 
tions (o6)-(ol0). More precisely, in this setting Lemma 17.321 transforms the output structure of 
Lemma 16.11 into an input structure for either Lemma 17.341 or Lemma 17.351 These lemmas then 
assert that indeed one of the Configurations (o6)-(ol0) must occur. The configurations (o6)-(o8) 
involve combinations of one of the two preconfigurations (^1) and (^?2) and one of the two pre- 
configurations (exp) and (reg) . The idea here is that the knags are embedded using the structure 
of (exp) or (reg) (whichever applicable), the internal shrubs are embedded using the structure 
which is specific to each of the configurations (o6)-(o8), and the end shrubs are embedded using 
the structure of (^1) or (^2). The configuration (olO) is very similar to the structures obtained in 
the dense setting in jPS12^ [HP] (see Section [8.1.51 for a discussion), and (o9) should be considered 
as half-way towards it. 

The reader may find it helpful to compare the definitions of the configurations with Section 18.11 
where an overview is given how these configurations are used to embed the tree T^r jy^j , 

Some of the configurations below are accompanied with parameters in the parentheses; note 
that we do not make explicit those numerical parameters which are inherited from Setting [7.4i 

We start off by giving definitions of Configuration (ol). This is a very easy configuration in 
which a modification of the greedy tree-embedding strategy works. 

Definition 7.11 (Configuration (ol)). We say that a graph G is in Configuration (ol) if there 
exists a non-empty bipartite graph H C G with deg mm G (V(H)) k and deg min (-£f) ^ k/2. 



We now introduce the configurations (o2)-(o5) which make use of the set SI/. These config- 
urations build on Preconfiguration (X). Figure IBTTI shows common features of the configurations 
(o2)-(o5). 

Definition 7.12 (Preconfiguration (♦)). Suppose that we are in Setting \7-4\ We say that the 
graph G is in Preconfiguration (Jfc)(f2*) if the following conditions are met. G contains non-empty 
sets L" CL'C fc(Cv) \ and a non-empty set C Vl/ such that 

deg max Gv (^*\*0<^, (7-28) 
deg min Gv (*', L") ^ n*k , and (7.29) 
deg— G JL»,L^ k (G v ) \ (* U L')) < Jjjt . (7.30) 

Definition 7.13 (Configuration (o2)). Suppose that we are in Setting \7-4\ We say that the 
graph G is in Configuration (o2)(Jl*, Cl, /3) if the following conditions are met. 



73 



7.4 Types of configurations 



The triple L",L',*&' witnesses preconfiguration (Jfr)(fi*) in G. There exist a non-empty set 
C a set Vi C V(G exp ) nYBn L" , and a set V 2 C V(G e x P ) wt/i ffte following properties. 

deg min Gv (*",yi)^fc 
deg min Gv (Vi,*")^, 
deg min Gcxp (Vi,^)^/3A;, 
deg min Goxp (V2,^i)^/3A;. 

Definition 7.14 (Configuration (o3)). Suppose that we are in Setting \7.4\ We say that the 
graph G is in Configuration (o3)(Q* ,{},(,, 5) if the following conditions are met. 

The triple L",L',}&' witnesses preconfiguration in G. There exist a non-empty set 
C a set V\ C 21 H YB n I/', and a se£ V 2 Q V{G) \ * suc/i that the following properties are 
satisfied. 

deg^ Gv (*'',Vi)>nfc, 
deg min Gv (Vi,*")^A;, 

deg max Gl ,(Vi, V(G) \ (V 2 U *)) < , (7.31) 

deg^G^Vt) >5k. (7.32) 

Definition 7.15 (Configuration (o4)). Suppose that we are in Setting \7.4\ We say that the 
graph G is in Configuration (o4)(0*, fi, £, 8) if the following conditions are met. 

The triple L",L'^' witnesses preconfiguration in G. There exists a non-empty set 

*" C sets Vi C YB n L" , 2T C 21, and V 2 C V(G) \ * with the following properties 

deg min Gv (*",Vi)^^, 



deg min Gv (Vi,*")^^, 

d^ a G v ua v (ViM)>Sk, (7.33) 

deg min GvUGl3 (2l',Vi)^, (7.34) 

deg m ' m GvUGv (V 2 ^')^5k, (7.35) 

deg max GvUGl , (21', V(G) \(fUK 2 ))^(L (7.36) 



Definition 7.16 (Configuration (o5)). Suppose that we are in Setting \7.4\ We say that the 
graph G is in Configuration (o5)(0*, Cl, S, tt) if the following conditions are met. 

The triple L'^L',^' witnesses preconfiguration in G. There exists a non-empty set 

C and a setV\ C (YBfl L"n 1J V) \ V(G cxp ) such that the following conditions are fulfilled. 

deg min Gv (v|/",Vi) >Uk, (7.37) 
deg min Gv (Vi,*")^^, (7.38) 
deg min Grcg (^i)^. (7.39) 
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Further, we have 

C n Vi = or |CnVi| ^tt|C| (7.40) 

for every C € V. 

In remains to introduce configurations (o6)-(ol0). In these configurations the set \I/ is not 
utilized. All these configurations make use of Setting I777| i.e., the set V(G) \ \l/ is partitioned into 
three sets *Po)*Pi an d ^?2- The purpose of ^Po ; ^Pi and ^2 is to make possible to embed the knags, 
the internal shrubs, and the end shrubs of J^ jnffi respectively. Thus the parameters po,pi and p2 
are chosen proportionally to the sizes of these respective parts of r^r jy^j , A summary picture for 
Configurations (o6)-(o7), (08), and (o9) is given in Figures l8.2[ 18.31 and 18.41 respectively. 

We first introduce four preconfigurations (^?1), (^2), (exp) and (reg) which are building bricks 
for configurations (o6)-(o9). The preconfigurations ("71) and (^2) will be used for embedding end 
shrubs of a fine partition of the tree J^ JX^fl an d preconfigurations (exp) and (reg) will be used 
for embedding its knags. 

An A4-cover of a semiregular matching A4 is a family T C V(M) with the property that at 
least one of the elements S\ and S2 is a member of J 7 , for each (Si, S2) G M- 

Definition 7.17 (Preconfiguration (^1)). Suppose that we are in Setting \7.4\ and Setting \7. 7\ 
We say that the graph G is in Preconfiguration (^l)^', h) ofV(G) if there are two non-empty sets 
Vq,Vi C \ (FU shadowG^ (V^^, j^) ) with the following properties. 



deg min Gv (V , V^ od ) > h/2 , and (7.41) 
deg min Gv (yi,KL) >h. (7.42) 



Further, there is an (Ma U Ms)-cover T such that 

deg-^r^U^) ^Yfc. (7.43) 



Definition 7.18 (Preconfiguration (^2)). Suppose that we are in Setting [7^1 and Setting \77A 
We say that the graph G is in Preconfiguration ( < \?2)(/i) ofV(G) if there are two non-empty sets 
Vq,Vi Q ^Po \ (FU shadow Gc (V^q,, ^|) J with the following properties. 



deg^aJVoUV^J^h. (7.44) 



good J 

Definition 7.19 (Preconfiguration (exp)). Suppose that we are in Setting \7T4\ and Setting \777\ 
We say that the graph G is in Preconfiguration (exp)(/3) if there are two non-empty sets Vo, V\ C <p 
with the following properties. 



deg min Gcxp (Vo,^/3fc, (7.45) 
deg^jVi,^)^. (7.46) 
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Definition 7.20 (Preconfiguration (reg)). Suppose that we are in Setting YTJ\ and Setting [7T7[ 
We say that the graph G is in Preconfiguration (reg)(e, d! , p) if there are two non-empty sets 
Vo,V\ C o,nd a non-empty family of vertex-disjoint (e, d') -super-regular pairs {(Qq\ Qi fjey 
(with respect to the edge set E(G)) with Vq := [JQq an( ^ := UQi SMC ^ 

minjlQ^UQ^l} ^ ^ . (7.47) 

Definition 7.21 (Configuration (06)). Suppose that we are in Settings \7.4\ and \777\ We say that 
the graph G is in Configuration (o6)(<5, e, d' , p, 7', h 2 ) if the following conditions are met. 

The vertex sets Vq, V\ witness Preconfiguration (reg)(e, d', p) or Preconfiguration (exp)(<5) and 
either Preconfiguration ( l \?l)(7 / , /i 2 ) or Preconfiguration C^?2)(h 2 ). There exist non-empty sets 
V 2 , V-i C <Pi sucft tftai 

deg^oCFi,^) ^fc, (7.48) 
deg min G (y 2 ,Fi) ^JA:, (7.49) 
deg min Gcxp (y 2 , y 3 ) ^ , and (7.50) 
deg mi ^ cxp C^ 2 )^. (7.51) 

Definition 7.22 (Configuration (o7)). Suppose that we are in Settings \7.4\ and \7.7\ We say that 
the graph G is in Configuration (o7)(6, p' , e, d' , p, 7', h 2 ) if the following conditions are met. 

The sets Vq,Vi witness Preconfiguration (reg)(e, d' , p) and either Preconfiguration ( ( s?l)(7 / , h 2 ) 
or Preconfiguration (ty2)(h 2 ). There exist non-empty sets V 2 Q 21^ \ V and V3 C *Pi snc/i i/iat 



deg^o^,^) >Sk, (7.52) 

deg min G (y 2 ,Vi) ^Sfc, (7.53) 

deg max Gl ,(y 2 ,^ 1 \ V 3 ) < p'k and (7.54) 

deg™« G (V 3 ,V 2 ) > 5k . (7.55) 



Definition 7.23 (Configuration (08)). Suppose that we are in Settings \7.4\ and \l. 7\ We say that 
the graph G is in Configuration (08) (5, p' , £1, e 2 , d±, d 2 , pi, p 2 , hi, h 2 ) if the following conditions are 
met. 

The vertex sets Vq, V\ witness Preconfiguration (reg)(e 2 , d 2 , p 2 ) and Preconfiguration ( l v ) 2)(/i 2 ). 
There exist non-empty sets V 2 C Vpo, V3,V4 C V3 C 21 \ V", and an (ei,di, p\k)-semiregular 
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matching AT absorbed by (Ma U Mb)\M&> V(Af) C tyi \ V3 such that 

de^aiVi^^Sk, (7.56) 

deg min G (F 2 ,y 1 )>«5fc ) (7.57) 

deg min Gv (y 2 ,^ 3 )^^, (7.58) 

deg mi * Gv (V 3 ,V 2 ) ^ 5k , (7.59) 

deg max Gl ,(y3, < Pi\^4)<^, (7.60) 

deg min Gc (Vk, V3) >6k , and (7.61) 

deg Gl >, V3) + deg Greg («, F(AT)) ^ /or eac/i f G V2. (7.62) 

Definition 7.24 (Configuration (o9)). Suppose that we are in Settings and \ 7. 7[ We say 

that the graph G is in Configuration (o9)(<5, 7', hi, /12, £\, d\, fj,\, €2, d 2 , ^2) if the following conditions 
are met. 

The sets Vq,V\ together with the (Ma U MB)- cover J 7 ' witness P reconfiguration ( l v ) l)(7 / , h?)- 
There exists an fj,\k) -semiregular matching N absorbed by Ma^Mb, V(Af) Q ^Pi- Further, 

there is a family {(Qq , Qi )}jey cls in P reconfiguration (reg)(e2, d%, ^2)- There is a set V2 C 
V(M) \ [J J 7 ' C (J V with the following properties: 

deg^m,^)^^, (7.63) 
deg min Gc (V2,Fi) (7.64) 

Our last configuration, Configuration (olO), will lead to an embedding very similar to the 
one in the dense case (treated in |PS12j ; see Section 18. 1 .5|) . In order to be able to formalize 
the configuration we need a preliminary definition. We shall generalize the standard concept of a 
regularity graph (in the context of regular partitions and Szemeredi's Regularity Lemma) to graphs 
with clusters whose sizes are only bounded from below. 

Definition 7.25 ((e,d, ^^-regularized graph). Let G be a graph, andletV be an £\- ensemble 
that partitions V(G). Suppose that G[X] is empty for each X G V and suppose G[X,Y] is e-regular 
and of density either or at least d for each X,Y G V. Further suppose that for all X £ V it holds 
that ||JN G (X)| ^ £2. Then we say that (G,V) is an (e, d, t\, ^-regularized graph. 
A semiregular matching M of G is consistent with (G,V) ifV(M) C V. 

Definition 7.26 (Configuration (olO)(e, d', £\, £2, rf)). Assume Setting [7^1 The graph G con- 
tains an (e,d' ,£\, £2) -regularized graph (G,V) and there is a (§,d' ,£\) -semiregular matching M 
consistent with (G,V). There are a family C* C V and distinct clusters A,B£V with 

(a) E(G[A,B])^%, 

(b) deg G (v,V(M) U |J£*) ^ (1 + rf)k for all but at most e\A\ vertices v G A and for all but at 
most i\B\ vertices v G B, and 

(c) for each X G C* we have deg G (u) ^ (1 + 17' )k for all but at most s\X\ vertices v G X . 
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7.5 The role of random splitting 

The random splitting as introduced in Setting 17771 is used in Configurations (o6)-(o9); the set *Po 
will host the cut-vertices Wa U Wb, the set will host the internal shrubs, and the set ^2 will 
(essentially) host the end shrubs of a (rfc)-nne partition of J^r jjjn 

The need for introducing the random splitting is dictated by Configurations (o6)-(o9). To see 
this, let us try to follow the embedding plan from, for example, Section 18.1.21 without the random 
splitting, i.e., dropping the conditions C Q ^Pi> Q ^2 from Definitions I7.17H7.221 Then the 
sets V2 and V3 in Figure 18.21 which will host the internal shrubs, may interfere with Vo and V± 
primarily designated for Wa and Wb- In particular, the conditions on degrees between Vq and 
V± given by (|7.45j) - (17.46p in Definition 17.191 or given by the super-regularity in Definition 17.201 (in 
which /3[>r j7,l9| > 0, or ^j j 7 2Q p t>r j7T20l > ^ are tiny) need not be sufficient for embedding greedily 
all the cut-vertices and all the internal shrubs of ^r jjjfl It should be noted that this problem 
occurs even in Preconfiguration (exp), i.e., the expanding property does not add enough strength 
to the minimum degree conditions due to the same peculiarity as in Figure [3721 Restricting Vq and 
V\ to host only the cut-vertices (only 0(l/r) = o(k) of them in total, cf. Definition 13. lt jcj) ) . resolves 
the problem. 

The above justifies the distinction between the space *Po for embedding the cut-vertices and the 
space U ^2 for embedding the shrubs. There are some other approaches which do not need to 
further split <Pi U ^2 but doing so seems to be the most convenient. 

7.6 Cleaning 

This section contains five "cleaning lemmas" (Lemma I7.27t -Lemma IT.31f) . The basic setting of all 
these lemmas is the same. There is a system of vertex sets and some density assumptions on edges 
between certain sets of this system. The assertion the is that a small number of vertices can be 
discarded from the sets so that some conditions on the minimum degree are fullfilled. While the 
cleaning strategy is simply discarding the vertices which violate these minimum degree conditions 
the analysis of the outcome is non-trivial and employs amortized analysis. The simplest application 
of such an approach was the proof of Lemma [73] above. 

Lemmas 17.271477311 are used to get the structures required by (pre-)configurations introduced in 
Section 17.41 based on rough structures found in Lemma 16.11 

The first lemma will be used to obtain preconfiguration (Jfc) in certain situations. 

Lemma 7.27. Let ip € (0, 1), and T, 0, ^ 1 be arbitrary. Let P and Q be two disjoint vertex sets 
in a graph G. Assume that Y C V{G) is given. We assume that 

deg min (P,Q) ^ flk , (7.65) 

and deg max (Q) sC Tk. Then there exist sets P' C P Q' C Q \Y and Q" C Q' such that the 
following holds. 
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(a) deg min (P',Q")^^ 

(b) deg max (Q',P\P') < ipk, 

(c) deg max (Q", Q\Q')< i>k, and 

(d) e(P', Q") > (1 - </,)e(P, Q) - 

Proof. Initially, set P' := P, Q' =: Q\Y and Q" := Q' \ Y. We shall sequentially discard from the 
sets P', Q' and Q" those vertices which violate any of the properties (a)-(c). Further, if a vertex 
v £ Q is removed from Q' then we remove it from the set Q" as well. This way, we have Q" C Q' 
in each step. After this sequential cleaning procedure finishes it only remains to establish (d). 
First, observe that the way we constructed P' ensures that 

e(P\P',Q")^^e(P,Q). (7.66) 

Let Q b C Q \ Q' be the set of the vertices removed because of condition (b). For a vertex 
u G P \ P' , we write Q'^ for the set Q" just before the moment when u was removed from P'. 
Likewise, we define the sets Py, Q' V ,Q" for each v G Q \ Q" . For u G P \ P' let /(it) := deg(tt, Q"), 
for d G Q \ (Q' U Y) let ^(w) := deg(t;,P \ J*), and for w E Q' \ Q" let h{w) := deg(w,Q\ Q' w ). 
Observe that YlueP\P' f( u ) ^ ^ZveQ b d( v )- Indeed, at the moment when v G Q is removed from Q\ 
the g(v) edges that v sends to the set P\P' V are counted in S 1 «6N(i;)n(P\P / ) Z( u ')- We therefore 
have 

^e(P,Q)>^ E de sKQ)^ E > E > IQ 6 |# , 

u&P\P> u£P\P> veQ b 



and consequently, 

4r 2 A; 



IQ b K^(P,Q). (7.67) 



We also have 

E h(w) ^\Q b u(YnQ)\rk < ^e(P,Q) + \y r\Q\Tk . (7.68) 

iweQ'\Q" 

Finally, we can lower-bound e(P',Q") as follows. 

e(P', Q") 5s e(P, Q) - e(P \ P', Q") - |Y n Q|rfc - |Q fo |rfc - |Q' \ Q"\Tk 

Tp 3 ip 2 ip\ ^,/r 2 A; 



(by cum . E67J, EH) ) 



>^-h-h-\)-^<-T^") 



> (i - i>)e(p,Q) - hy n Q|r 2 fc . 

-0 



□ 
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The purpose of the lemmas below (Lemmas l7.28f4T73T|) is to distill vertex-sets for configurations 
(o2)-(ol0). They will be applied in Lemmas l7.331 1734"! 17.351 This is the final "cleaning step" on our 
way to the proof of Theorem 11.31 — the outputs of these lemmas can by used for a vertex- by- vertex 
embedding of any tree T G trees(A;) (although the corresponding embedding procedures given in 
Section [8] are quite complex) . 

The first two of these cleaning lemmas (Lemmas 17.281 and IT.29H are suited when the set \I/ of 
vertices of huge degrees (cf. Setting 17. 4p needs to be considered. 

For the following lemma, recall that we defined [r] as the set of the first r natural numbers, not 
including 0. 

Lemma 7.28. For all r,n*,fl** G N, and 5,j,n G (0,1), with (^r 1 )^ < rj/10, and fl** > 1000 
the following holds. Suppose there are vertex sets Xq,X\, ... ,X r and Y of an n-vertex graph G 
such that 

1. \Y\ < 7/n/(4ft*), 

2. e(X ,Xi) ^ r]kn, 

3. deg^(X ,*i) 

4. deg min (Xi,X i+1 ) > ~/k for all i € [r - I], and 

5. deg max (Y U U ie[r] *i) ^V*k. 

Then there are sets X[ C Xi for i = 0, 1, . . . , r such that 

(a) X' 1 nY = Q), 

(b) deg min (X t ',X-_ 1 ) > 5k for all i e [r], 

(c) deg max (X^,X i+1 \ X' i+1 ) < 7 k/2 for all i € [r - 1], 

(d) deg min (^,X[) ^ VO^k, and 

(e) e(X' ,X' 1 ) ^ rjkn/2, in particular X' ^ 0. 

Proof. In the formulae below we refer to hypotheses of the lemma as '[TJ"-'|5j". 

Set X[ := X\ \ Y. For i = 0, 2, 3, 4, . . . , r, set X[ := X{. Discard sequentially from X[ any 
vertex that violates any of the Properties fb])-([d]). Properties (Jaj) — ((dj) are trivially satisfied when 
the procedure terminates. To show that Property (jej) holds at this point, we bound the number of 
edges from e(Xo, X\) that are incident with Xq \ X' or with X\ \ X[ in an amortized way. 

For i G {0, . . . , r} and for v G X, \ X[ we write 

fi(v) :=deg{v,X i+1 (v)\X' l+1 (v)) , 
gi(v) := deg , and 

hi(v) := deg (v,X' i+1 (v)) . 
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where the sets X' i _ 1 (v), X^v), X' i+1 (v) above refer to the moment when v is removed from X[ (we 
do not define fi(v) and hi(v) for i = r and gt{v) for i = 0). 

For i G [r] let Xp denote the vertices in Xj \ X[ that were removed from X[ because of violating 
Property fbj). Then for a given i G [r] we have that 

^ < 5kn. (7.69) 

For i = 1, . . . , r — 1 let X*p denote the vertices in Xj \ X 4 ' that violated Property (jcj). Set XP := 0. 
For a given i G [r — 1] we have 

|Xf^. 7 fc/2< £ ^ E1 '™ + 1X^,1-0^, (7.70) 

as Xj \ X 4 ' = XpU Xf, for % = 2, . . . , r. Using (1777(1 for j = 0, . . . , r - 1, we inductively deduce that 

i=0 v ' 7 

(The left-hand side is zero for j = 0.) The bound (I7.71D for j = i — 1 gives 

2 ^/20*\* 2(20*) r -i , m . 

\J® < - • g (-j <5n < . (7.72) 

Therefore, 

e (x , y u xE) < |y u jdfl • n* * ^ + ( —) ' . (7.73) 



For any vertex v G Xg \ Xq we have /io(i>) < \/f2**A;, and at the same time by Hypothesis El we 
have deg(v,Xi) ^ Q**k. So, 

e(X ,X 1 ) 



We have 



£ M«)<^' ("4) 



e(X o ,X0 ^ e (Xo,X 1 )-e(X ,yuX¥l)- ^ /*,(«) - £ <7i(w) 



(It requires a minute of meditation to see that edges between Xo \ X and Xp are indeed not 
counted on the right-hand side.) Therefore, 

e(X' ,X[) ^e(Xo,X 1 )- e (X ,yuX?l)- £ &<,(«) - ^ 5l (u) 

(by EH), EzD , EH)) ^ e(Ao,Ai) I o/en == okn 

4 V 7 / vO** 

(by m) ^ r?fc/2 , 

proving Property (jej). □ 
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Lemma 7.29. Let 5, rj, O*, h > 0, let G be an n-vertex graph, let X , X±, Y C V(G), and let C 
be a system of subsets of V{G) such that 

1. 20(5 + 7 2==)<r 1 , 

2. 2kn ^ e(X ,Xi) ^ nkn, 

3. deg^iX^X^^n^k, 

4. deg max (Xi) < Q*k, 

5. \Y\ < nn/(4n*), and 

6. 10h\C\n* < nn. 

Then there are sets X' Q C Xq and X[ C X\ \ Y such that 

a ) deg min (X' ,X[)^ \/Q**k , 

b) deg^iX'^X'^^Sk, 

c) for all C eC, either X[ n C = 0, or \X[ n C\ > h, and 

d) e(X' ,X[) ^ nkn/2. 

Proof. Set Xq := Xq and X[ := X\\Y and discard sequentially from X , any vertex violating 
Property [aj). Further, we discard from X[ any vertex violating Property |b|) , or any C £ C violat- 
ing!?!]). When the process ends, we verify Property[d]) by bounding the number of edges in e(Xo, X\) 
incident with Xq \ X Q or with X\ \ X[ . Given Assumption [2J and since by Assumption [S] there are 
at most j-qkn edges incident with Y n X\ it suffices to prove that 

e(A ,X 1 )- e (A^,X 1 )-e(ynA 1 ,A ) < ^ . (7.75) 

Denote by X^ the set of vertices in X\ \(7U X[) that violated Property [b]) , and by X^ the 
set of vertices in X\ \ (Y U X[) that violated Property [cj). For a vertex v £ X\ \ (Y U X[) , let g(v) 
denote the number deg(v, X' Q ) at the very time when v is removed from X[. Analogously we define 
f(v), for v G Xq \ X' Q , as deg(v, X[) where the set X[ is considered at the point of removal of v. 
We have £ ^9 0) < Skn, E„ e jjp5(«) < \^^*k < h\C\ • tt*k, and 
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Thus 



e(X , X X ) - e(X' Q , X[) - e(Y n X u X ) 

= E 9{v) + E + E /(«) 




establishing (17.751) . 



□ 



The next two lemmas (Lemmas 17.301 and I7.31j) deal with cleaning outside the set of huge degree 
vertices 

Lemma 7.30. For all r,!!efj, r)2 and all 7, 5, r\ > suc/i i/iai 



i/ie following holds. Suppose there are vertex sets Y,Xq,X\, . . . ,X r C V, where V is a set of n 
vertices. Suppose that edge sets E±, . . . , E r are given on V . The expressions degj, deg maX j, deg mm j, 
and ei below refer to the edge set E{. Suppose that the following properties are fulfilled 



1. \Y\ < 5n, 

2. eipfo.-Xi) ^ Vkn, 

3. for all i € [r - 1] we have deg min m (X t \ Y,X i+1 ) ^ jk, 

4. for alii e {0, . . . ,r- 1}, we have deg max i+l {Xi) < Qk, and deg max m (X m ) < Qk. 
Then there are sets X[ C Xj \ y (z = 0, . . . , r j satisfying the following. 

a) For all i € [r] and we /iaue deg mm j(X|, X^_ x ) ^ 5k, 

b) for all i e [r - 1] we have deg max i+1 (X|, X i+1 \ X' i+1 ) < jk/2, 

c) deg^^X'^Xi) > 5k, and 

d) ei (X^X[) ^ nkn/2 

Proof. We proceed similarly as in the proof of Lemma 17.281 Set X[ := X; \ Y for each i = 0, . . . ,r. 
Discard sequentially from X[ any vertex that violates Property [aj) or |b|) , or |cj) . When the procedure 
terminates, we certainly have that[aj)-[c]) hold. We then show that Property [d} holds by bounding the 




(7.76) 
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number of edges from ei(Xo, X\) that are incident with Xq \ X' Q or with X\ \ X[. For i G {0, . . . ,r} 
and for v G Xi \ X[ we write 



deg i+1 (v,X i+ i \X' i+1 ] 
degj(f,X-_i) , and 
deg x (?;,Xi) , 



9i(v) 
h(v) 

where the sets X' 1 ,X' i _ 1 and X' i+1 above refer to the momenJ^I when v is removed from X[ or from 
X[ (we do not define fi + \{v) for i = r and gi(v) for i = 0). 

Let XfcX u xf C Xj for i £ [r — 1] be the sets of vertices removed from X[ because of 
Property [aj) and|b]), respectively. Set X^ := X r \ X' r and X^ := X \X' . We have for each i £ [r], 



£ < <5*™ . (7.77) 

Also, note that we have 

h{v) sC 5kn . (7.78) 



We set xjp := 0. For a given i G [r — 1] we have 

< X] »<+i(«) 

«ex i+ i\x? +1 

(bys, G23) ^ <5/cn+ lA^Jfifc , (7.79) 
as Xj \ X[ C J^U XpU y, for i = 2, . . . , r. Using (17779]) . we deduce inductively that 

|4L .|^ (^Y*n, (7.80) 

for j = 0, . . . , i — 1. (The left-hand side is zero for j = 0.) Therefore, 

e l {X' ,X' 1 )^e 1 {X G ,X 1 )-{\Y\ + \X%)m- ]T ^(w) - h{v) 

ueX^H ugX^I 

/80V 

(by[a rrgnt , rrrn . (vrsj) ^ r/fcra — — okn — 25kn 

V 7 / 

> , 

establishing Property [d]). □ 



3 if v £ y then this moment is the zero-th step 
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Lemma 7.31. For all r,il G N, r ^ 2 and all 7, 77, 6,e, fi,d > with 

20e <d and ( (7.81) 
V 7 / 30 

i/ie following holds. Suppose there are vertex sets Y,Xq,X\, . . . ,X r C V, where V is a set of n 
vertices. Let P^\ . ■ . , p/ p ^ partition Xi, for i = 0, 1. Suppose that edge sets E±, E2, E3, . . . , E r are 
given on V. The expressions deg i , deg max j, and deg mm j fre/ow re/er to the edge set Ei. Suppose 
that 

1. \Y\ < 5n, 

2. \Xx\ ^ nn, 

3. for all i G [r - 1] we /iawe deg min m (JQ \ Y,X m ) ^ -yk, 

4 . the family { (P (i) , P-f^ ) ) is an (e , d, fik)-semiregular matching with respect to the edge set 

I J j€\p] 

Ei, and 

5. for alii G {0, . . . ,r - 1}, deg max m (X m ) < ilk, and (when i^r) deg max i+1 (Xi) < ilk. 

Then there is a non-empty family {(Qq , Qf )}jey of vertex- disjoint (4e, f) -super-regular pairs 
with respect to E\, with 

a) \Q^\,\Q?\ > f for each j ey, 

and sets X' := [j Q { j) CX \Y, X[ := \J Q[ j) C Xx \ Y, X[ C Xi \ Y (i = 2,...,r) such that 

b) for all i G [r - 1] we have deg min i+1 (X' i+1 , X-) ^ 5k, and 

c) for all i€[r- 1], we have deg max i+1 (X;, X i+1 \ X' i+1 ) < jk/2. 

Proof. Initially, set J := and X[ := Xi \ Y for each i = 0, . . . ,r. Discard sequentially from X[ 
any vertex that violates any of the Properties [b]) or [cj) . We would like to keep track of these vertices 
and therefore we call X^,Xf C Xi the sets of vertices removed from X[ because of Property [b]), 
and|cj), respectively. Further, for i = 0, 1 and for j G \p] remove any vertex ueljfl P^ from X[ if 



degi^JCj^npWX-^. (7.82) 



For % = 0, 1, let Xf be the set of those vertices of Xi that were removed because of (|7.82|) . 

Last, if for some j G \p] we have |P u; n Y\ > or \P{ J ' n (V U Xf)| > -^p- 1 we remove 

simultaneously the sets Pq and P^ entirely from X' and X(, i.e., we set X' := X' Q \ P (j) and 
X[ := X( \ We also add the index j to the set J in this case. 

When the procedure terminates define y := [p] \ and for j € y set (Qq\Qi ) := (P(j^ H 
X^P^nXi). The sets X? obviously satisfy Properties E])-Ej). We now turn to verifying Property [aj). 
This relies on the following claim. 
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Claim 7.31.1. If j €\p]\J then |P (j) nl a |^ and \P^ n X?| < l^Jr 



Proof of Claim \7.31.1 . Recall that E\ is the relevant underlying edge set when working with the 

pairs (Pq\ P^). Also, recall that only vertices from Y U Xq were removed from Pq and only 

(i) 

vertices from Y U Xf U Xf were removed from P\ . 

Since j £ J, the pair (P (i) \ Y, Pp } \(7U Xf)) is 2e-regular of density at least 0.9d by Fact EH 

Let 

i^o := {t> € P (i) \ Y : de gl (>, p[ j) \ (Y U Xf)) < O.Sd\p[ j) \ (Y U X<f)\} , and 
K x := {v G \ (Y U X x c ) : de gl (i;,P (i) \ Y) < 0.8d|P (j) \Y\} . 

By Fact El we have \K \ ^ 2e|P (j) \ y| ^ 0.1d|P (j) | and \Kx\ < 0. ld| P' 1 (j) | . In particular, we have 

deg™ 11 !^ \ (y U K ), Pi (i) \ (y U X x c U Kt)) ^ 0.8d\Pl j) \ (Y U Xf)\ -\K X \ 

> 0.8d • 0.75|P\ Ci) | - O.ldlPpI (7.83) 

> 0.25d|pf j) | ,and 

deg^^p^ \ (y u x x c u Ki), p (j) \ (y u #„)) ^ o.8d|p (j) \ y| - |# | 

^ 0.8d • 0.75|P (i) | - 0.1d\p( j) \ (7.84) 

> 0.25d|P (i) | . 

Then ()7.83p and (|7.84p allow us to prove that p/ j) nXf C Ki for t = 0, 1. Indeed, assume inductively 
that P^ n X? C Ki for i = 0, 1 throughout the cleaning process until a certain step. Then (|7.83p 
and (HSU) assert that no vertex outside of P (j) \ (y U K ) or of P^ \ (Y UXf UK X ) can be removed 
because of (|7.82p . proving the induction step. The claim follows. □ 

Putting together the definition of J (through which one controls the size of p[ j) n (y u xf)) 
and Claim 17.31.11 (which controls the size of n Xf) we get for each j € y and i = 0, 1, 

Hp), > 152! > ** . 

2 2 

Therefore, these pairs are 4e-regular (cf. Fact I2.7P - Last, we get the property of (4e, ^-super- 
regularity from the definition of X? (cf. (|7.82|) ). Thus, the pairs (Qq\q[^) are as required for 
Lemma [7.311 and satisfy its Property [aj). 

The only thing we have to prove is that the set X{ is nonempty. By the definition, for each 
j £ J, we either have \P^ j) \ < 4(|(Y U Xf) n P^\) or |P (i) | ^ 4|y n P (j) |. We use that that 
|P^| = |Pp)| to see that 

JP^ ^ 4(|Y| + LYfl) . (7.85) 
J 
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For i E {1, . . . , r} and for v E X, \ X[ write 



:= deg i+1 (v,X i+1 \X' i+1 ) , and 
gi(v) := deg^X,-^) . 



where the sets X[,X' i _ 1 and X' i+1 above refer to the moment! 19 ! when v is removed from X^ (we do 
not define fi + \(v) for i = r). 

Observe that for each i E {2, ... ,r}, we have 



(7.86) 



We set X^r := 0. For a given % E [r — 1] we have 



fbvtn m . eh) ) < <5A;7i + l-Xf+il^! 



(7.87) 



(7i 



as \ X[ C Xf U J^Pu y, for z = 2, . . . ,r. Using (TT88]) . we deduce inductively that (X^l ^ 



8S2 



(5n for j = 1, 2, . . . , r — 1, and in particular that 



(7.89) 



As Xf = 0, we obtain that 



\X[\ 



Xi \ ( (J p[ j) u (J (Pp 3 n (y u x? u xf )) 



(by cm) ^ |Xx| -4(|y| + |xf| 



(J (p^ n x? 



(by[T], fT5H . EMJ) ^ |Xi| 

(by Cl lV.31.ll ^ |Xl| 
(byE) > 0, 



•qn 
T 



U(p^nx?; 

rjn |Xi| 



as desired. 



□ 



if v € Y then this moment is the zero-th step 
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7.7 Obtaining a configuration 

In this section we prove that the structure in the graph G G LKS(re, k, rj) guaranteed by Lemma [6. II 
always leads to one of the configurations (ol)-(olO). We distinguish two cases. When the set \I/ of 
vertices of huge degree (coming from a sparse decomposition of G) sees many edges, then one of the 
configurations (ol)-(o5) must occur (cf. Lemma 17.331) . Otherwise, when the edges incident with 
\l/ can be neglected, we obtain one of the configurations (o6)-(ol0) (cf. Lemmas 17.341 and I7.35p . 
How these configurations help in embedding the tree J^ JX^fl £ trees(fc) will be shown in Section [8) 
Lemmas I7.33[ 17.344 and 17.351 are stated in the next section, and their proofs occupy Sec- 
tions I7.7.3| I7.7.4| and I7.7.5[ respectively. These results are put together in Lemma 17.321 of Sec- 
tion ELU 



7.7.1 Statements of the results 

We first state the main result of this section, Lemma 17.321 Its proof is given in Section [7.7.2i 

Lemma 7.32. Suppose we are in Settings \1.J\ and \ 7. 7[ Further suppose that at least one of the 
cases (Kl) or (K2) from Lemma \6.1\ occurs in G (with A^ goo d as in Lemma \6.1\ ([K]) ). Then one 
of the configurations 

• (ol)- 

• (o2) 

• (o3) 

• (o4) 

• (o5) 



v 27 n** 




V 9 P 2 \ 


4-10 bb (C*) ii ' 


2 ' 


128-10 22 -(H*) b J ' 


v 27 n" 




7 V 9 ! 2 \ 


4-10 bb (n*) li ' 


2 ■ 


2 ' 128-10 22 -(n*) b J 


v 27 n** 




7 »7 9 7 3 \ 


4-10 bb (n*) 11 ' 


2 ' 


2 ' 384-10 22 (H*) 5 J ■ 


V 27 Q" 




rf r) 


4-10 bb (C*) ii ' 


2 ' 


128-10 22 -(Q*) ;i ' 2' 



(° 6 )(l0"(n*) 4 ' 47r ' MF' 2TO0'f' 2 ( 1 + 2o) fc )' 

(o7\(—£XLP ID- Att TV r i 2u . 3r ? 3 . ho /1 _i_ JL\h\ 
V>' Al0 12 (Q*) 4 ' 400'^' 32Q* ' ~2~W> 2~W'P 2 ^ 1 ^ 20^)' 



(oft\ ( O-g 22 400e A-tt d 7 3 P TH TJL h,/U 2 \h tio/1 4- \h\ 
y 00 )\WWF¥ , 400' ^T' 47F ' 2' 32fF' 200fe' IW'PH 1 + 2oJK,p 2 l i l ~t 20>K), 



m (oQ\ ( . pr?S 2r > 3 ti, (\ 4- H\h n„(1 4- JL\h 40 ° £ i TH 4tt 'f-P 

^ a Hl0 2 '(S]*) 3 ' TfF'P 1 ^ 1 40^'P2v 1 ^ 20^' r? ' 2 ' 200fc ' W ' 32Q* ' 24F/ ' 

. (olO)^,^,^^,^,^) 
occurs in G. 

Lemma 17.321 will be proved in Section 17.7.21 The proof relies on Lemmas 17.331 17.341 and 17.351 
below. For an input graph Ct[>i |7,32| one of these lemmas is applied depending on the majority type 
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of "good" edges in Observe that (Kl) of Lemma [67T1 guarantees edges between \I/ and 

XA U XB, or between XA and XA U XB either in E(G cxp ) or in E{G V ). Lemma OS is used if we 
find edges between \I/ and XA U XB. Lemma 17.341 is used if we find edges of E(G exp ) between XA 
and XA U XB. The remaining case can be reduced to the setting of Lemma 17.351 Lemma 17.351 is 
also used to obtain a configuration if we are in case (K2) of Lemma 16.11 

Lemma 7.33. Suppose we are in Setting \7\4\ Assume that 



e G7 ($,XAUXB)> 1 ^ )3 . (7.90) 



Then G contains at least one of the configurations 

• (ol), 

• (o2) 

• (o3) 



ri 27 n" 




rfp 2 \ 


4-10 bb (C*) ii ' 


2 


128-10 22 -(Q*) b J ' 


v 27 n** 




7 v 9 i 2 \ 


4-10 bb '(n*) 1:L ' 


2 


2 ' 128-10 22 -(n*) 5 J 


7J 27 f2" 




7 V 9 ! 3 \ 


4-10 60 (f2*) 11 ' 


2 


2 ' 384-10 22 (H*) 5 J 


7J 27 f2" 




9 

V V 


4-10 bb (C*) ii ' 


2 


128-10 22 -(Q*) ;i ' 2' 



(nA\ rrjr ysr- 7 V J nr 

V**) ^4-1(l bb 70*1n ' 2 ' 2' 384-1 (122 CO.* 15 j, 

(o5) (: 



Lemma 7.34. Suppose that we are in Setting YTQ and Setting \7. 7\ If there exist two disjoint sets 
YAi,YA 2 C V(G) such that 

e Gexp (YA 1 ,YA 2 ) >2pkn, (7.91) 

and either 

YAi UYA 2 C XA f0 \ (PU FuF), or (7.92) 

YAi C XA^° \ (P U V U F U P 2 U P 3 ), and YA 2 C XB r ° \(PUFUF) (7.93) 

then G has configuration (o6)( l0 u^ n *yi > 0) 1> 1) in^'P 2 



Lemma 7.35. Suppose that we are in Setting \7.4\ and Setting \7. 7\ Let T>\j be as in Lemma 7.5 



Suppose that there exists an (e , d, f3k)-semiregular matching Ai, V(M) C l^(-^ / ')l ^ fp"? with 
one of the following two sets of properties. 

(Ml) M is absorbed by M sood , e := ^f, d := and [5 := 

(M2) E(M) C E{V V ), M is absorbed by V v , e:=ir,d := ^fc, and (3 := |g. 

Suppose further that one of the following occurs. 
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(cA) l/(M)CXA fl 



\ (P U V U F), and we have for the set 
R := shadow Gv ( (V^ D ^(G)) \ V(M A U M B ) 




one of the following 



(tl) ViCM) C shadow Gv (V(G cxp ),pk), 

(t2) Vi(M) c K*, 

(t3) Vi(A*) C i?\ (shadow Gv (y(G cxp ),pfc) or 

(t5) F(M) C V(G rcg ) \ (shadow Gv (V(G cxp ),pk) U U fl). 

(cB) Vi(7W) C XA^ \ (P U P 2 U P 3 U ? U F) and V 2 {M) C XB r ° \ (P U V" U F), and we have 

(tl) Vi(>t) C shadow Gv (y(G cxp ),pA:), 
(t2) Vx{M) C K^s, or 
(t3-5) Vi(A*) n (shadow Gv (y(G cxp ), pfc) U VUa) = 0- 



7.7.2 Proof of Lemma I7T321 

In the proof, we distinguish different types of edges captured in cases (Kl) and (K2). If in case 
(Kl) many of the captured edges from XA to XAUXB are incident with we will get one of the 
configurations (ol)-(o5) by employing Lemma 17.331 Otherwise, there must be many edges from 
XA to XA U XB in the graph G e xp ? or in Gx>. Lemma 17.341 shows that the former case leads to 
configuration (06). We will reduce the latter case to the situation in Lemma 17.351 which gives one 
of the configurations (o6)-(ol0). 

We use Lemma 17.351 to give one of the configurations (o6)-(ol0) also in case (K2). 

Let us now turn to the details of the proof. If e G (\I/,XA U XB) lo^ffi") 3 then we use 
Lemma [7.33l to obtain one of the configurations (ol)-(o5), with the parameters as in the statement 



20 Actually, our proof of Lemma 17.351 implies that one does not get configuration (o9) in case (K2); but this fact 
is never needed. 



then at least one of the following configurations occurs: 



• (o6)( 10 il ( ^ )4 ,47r, g^r, ^Q,p2{l + ^)k) , 

• (~7\ ( V 3 J 3 P JZL Am 7 3 P V 2 v 3r? 3 . 

Al0 12 (n*) 4 ' 400' *"' 32Q*' ¥W' 2000 'P 2 ^ 1 ^ 20^)' 

• l* 8 Al0l 5 (n*)5' 400' ~' 47F ' 2' 32fF' 200fc' 2~W^ 1 ^ 1 + 20^' P2 U + ^qJIC), 

• (<sQ\ ( PV 6 2r l 3 h h i ti„n J V-\h 400e d ync , 7 3 P r£v \ 

V Oy Al0 2y (n*) 3 ' ItF'P 1 ^ 1 ^ 40/ K 'P 2 ^ 20^ K ' r] ' 2' 200fc' 47F ' 32Q* ' 24p/' 



of Lemma 17.321 



90 



7.7 Obtaining a configuration 



Thus, in the remainder of the proof we assume that 

e G (^XAuXB)< iQ ^ )3 . (7.94) 

We now bound the size of the set P. By Setting [Y.4t |9]) we have that 

\E(G)\E(G V )\ < 2pkn. 

Plugging this into LemmaOwe get \L#\ ^ |XA\YA| < i^oo^ and |(XAUXB)\YB| < 1™£H. 

12 

Further, using (17.94p . Lemma EU also gives that |V/»^| ^ T^jTFy- ^ follows from Setting I7~4llj 8j) 
that |Pa| ^ 7n. Last, by Setting r7,4lffl) we have |Pi| ^ 2772. Thus, 

|P| ^ |XA \ YA| + |(XAUXB) \ YB| + \V^\ + \L#\ + |Pi| 

V 2 k, 



+ 



shadow GcUGv (V^q, U L # U P a U Pi, ■ 5 



E3 2n l0 n 

* iJw • (7 - 95) 

where we used Fact 17.11 to bound the size of the shadows. 

Let us first turn our attention to case (Kl). By Definition 17.61 we have VtTl^Po = 0- Therefore, 



e Gv (XA r ° \ P,(XA U XB) r ° \ P) = e Gv ((XA \ (* U P)) r °, (XA \ (* U P)) r ° U (XB \ P) 
( bv DrfESUU) ^ pi • e Gv (XA \(*UP), (XA U XB) \(*UP))-fc 



0.6 n 0.6 



,2 



(byjESJ) > ^(e Gv (XA,XAuXB) - 2e Gv (*, XA U XB) - 2\P\Q*k) - k°- 6 n 0S 
7] 2 /rjkn 2n ri kn 4r] 10 kn\ 06 6 

(by (Ki,. m m ^_^_________j_fc-„. 

ri 3 kn 

> V • (7 - 96 > 

We consider the following two complementary cases: 

(cA) e Gv ((XA\P) ro ) ^ AQpkn. 

(cB) e Gv ((XA\P) ro ) < AQpkn. 

Note that XA \ P C YA, and (XA U XB) \ P C YB. We shall now define in each of the 
cases (cA) and (cB) certain sets YAi, YA2 which will have a minimum number of edges between 
them. Although the definition of these sets is different for the cases (cA) and (cB), for ease of 
notation they receive the same names. 
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In case (cA) a standard argument (take a maximal cut) gives disjoint sets YAi, YA2 C (XA \ 
(PU VU¥)y° C YA with 

e Gv (YAi,YA 2 ) ^(e Gv (XA\P) r °- \V UF| • fTfc) 

(by DofEMJ and by I7TT71 ) ^-(AOpkU ~ 2eQ* 'kit) 

>19pkn . (7.97) 
Let us now define YAi, YA2 for case (cB). Property [6] of Setting [7.41 implies that 

|P 2 | < V^n . (7.98) 

Also, by Definition I7.6I |T|) we have 

e Gv (XA) < 1 (e Gv ((XA \ P) f°) + fc°- 6 n - 6 ) + e Gv XA) + |p|n*fc 
Po 



(by fTTgl , (cB), fTgil . and ffT)5l ) 



10 4 r? 13 77 10 

77 ; 10 28 (ft*) 3 10 20 O* 



Consequently, 



<by E1}) < low ' 



3 js> 8 

l P 3|-Y^^e Gv (P 3 ,XA)<2. I ^ F /cn, 



and thus, 



|P 3 | < 2 • ^r— n . (7.99) 

Set YAi := (XA \ (P U P 2 U P 3 U V U F)) r ° C YA and YA 2 := (XB\(PUFU F)) r ° C YB. Then the 
sets YAi and YA 2 are disjoint and we have 

e Gv (YA 1} YA 2 ) ^e Gv ((XA \ P) r °, ((XA U XB) \ P) r °) - 2e Gv ((XA \ P) r °) 
-(|P 2 | + |P3| + 2|V|+2|F|)-0*A: 

- 80pkn - kn -jQi 

EH 

^ I9pkn . (7.100) 



(by rr^m , ( C b), mm , rrm , nv.eiit , mm ^ — = 80pkn — yJ^STkn rrrfcn — 4e£l*kn 

lilt") 1 I lli 



We have thus defined YAi, YA 2 for both cases (cA) and (cB). 

Observe first that if e G (YAi, YA 2 ) ^ 2pkn then we may apply Lemma 17.341 to obtain 
Configuration (06) ( 10 i4(q»)3 , 0, 1 , 1, 2 3 ^ a , p 2 (l + ^)k). Hence, from now on, let us assume that 
e Goxp (YAi, YA 2 ) > 2pkn. Then by (173711 and (TTTOOD we have that 

e Gl ,(YA 1 ,YA 2 ) ^ YJpkn. 
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We fix a family 2?y as in Lemma 17.51 In particular, we have 

eD v (YAi,YA 2 ) > 16pkn. (7.101) 
Let R := shadow Gv ((K^ n L^ jfc (G)) \ V(Al4 U M B ), ) • For t = 1, 2 define 



shadow G (y(G cxp ),/)A;) n YAi , 

(i) 



Yj 2) := (K^t n YAj) \ Y 4 V 
Yf := ( J RnYA i )\(YS 1) UYf ) ) , 
Yj 4) := (21 n YAj) \ (yJ X) U Yf } U Y? } ) 
Yj 5) := YA J \(Yf ) U...UY l (4) ) . 



(7.102) 



(i) 

Clearly, the sets Y[ partition YAj for i = 1,2. 

We now present two lemmas (one for case (cA) and one for case (cB)) which help to distinguish 
several subcases based on the majority type of edges we find between YAi and YA 2 . The first of 
the two lemmas follows by simple counting from (|7.101|) . 

Lemma 7.36. In case (cB), we have one of the following. 

(tl) e Vv (yP,YA 2 ) > 2pkn, 

(t2) e Vv (Yi 2) ,YA 2 

(t3) e Vv (y? } ,YA 2 

(t4) e Vv (Yi 4) ,YA 2 

(t5) e Vv (Yi 5) ,YA 2 



2pkn, 
2pkn, 
^ 2pkn, or 
2pkn. 

Our second lemma is a bit more involved. 
Lemma 7.37. In case (cA), we have one of the following. 
(tl) e I?v (YS 1) ,YA 2 ) + e» v (YA 1 ,Y 2 1) ) > 4pkn, 



(t2) e Vv ( yJ 2) , YA 2 \ Y 2 i; ) + e» v (YAi \ Y^, Yf ) > Apkn, 



(t3) e Pv [Yf\ YA 2 \ (Y 2 1; U Y 2 z; ) ) + e Pv ( YAi \ (Y^ U Y^), ^2' ) > 4 P*™ ? »^ 
(t5) e Vv (Yi 5) ,Y 2 5) ) >2pkn. 



rQ) 1 1 v( 2 )' 



,(1) . . v (2)s v (3) 
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Proof. By (17.101)) . we only need to establish that 

e Vv (yS 4) , YA 2 \ (Y^ U Y 2 2) U Y 2 3) )) + e Vv (yAi \ (ff 1 U Y^ U Y^), Y 2 4) ) < pkn . 

For this, note that y[ 4) C 21 and that YA 2 \ (Y 2 1} U y(, 2) U Y 2 3) ) is disjoint from VUa- Thus we 
have e Vv (y{ 4) , YA 2 \ (Y 2 1} U Y^ 2) U y(, 3) )) < T gg^. We can bound the other summand using a 
symmetric argument. □ 

Next, we prove a lemma that will provide the crucial step for finishing case (Kl). 



Lemma 7.38. Let G* be the spanning subgraph of Gv formed by the edges of T>y . If there are 
two disjoint sets Z\ and Z 2 with ec*{Z\,Z 2 ) ^ 2pkn then there exists an (ir, 32 ^„ , ! jpr)-semiregular 
matching M in G* with Vi{M) C Zi (i = 1,2), and \V{M)\ ^ ^. 

Proof. As the maximum degree G* is bounded by Q*k, we have \Z\\~^ ^ 7^-. Thus, 
{G*,V v ,G*[Z 1 ,Z 2 ],{Z l }) e gfv(G v ),k,n*,^,-^,2p\ . 

Lemma [5.6l (which applies with these parameters by the choice of a and &o by (|7.3|) . also cf. page !1541 
for the precise choice) immediately gives the desired output. □ 

We use Lemma [7. 381 with Z1 , Z 2 being the pair of sets containing many edges as in the cases (tl)- 
(t3) and (t5) of Lemma [7]33o and (tl)-(t5) of Lemma 17. 361 The lemma outputs a semiregular 
matching A^ >T J7^35] := A/" >T ]7 jggl This matching is a basis of the input for Lemma l7.35l (M2) (subcase 
(tl)-(t3), (t5), or (t3— 5)). Thus, we get one of the configurations (o6)-(ol0) as in the statement 
of the lemma. This finishes the proof for case (Kl). 

Let us now turn our attention to case (K2). For every pair (X, Y) £ -A/f goo d, let X' C \ 
(P U V U F) and Y' C Y^ \ (P U V U F) be maximal with \X'\ = \Y'\. Define M := {(X' ,Y') : 
(X,Y) € M g0 od , \X'\ ^ ^r}. By LemmaES and using ([73]) and ([7TT5]) . we know that 

I \ J good / I ^ 4QQ 

Therefore, we have 

IVCA01 > \y{Ml od )\ - 2|P U V U F| - 2^ 

rfn 4 • r/ 10 n r] 2 n 
^ ( K2), ED, DcnnD, G33) > ^ - 10 2i(Q^2 " 4en " iq3 

> ^ . (7.103) 
1000 v ; 



21 The quantities in Lemma 17.371 have two summands. We take the sets Z\,Zn as those appearing in the majority 
summand. 
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By Fact 12.71 M is a ( 4,1 ia £ , -y, ^^)-semiregular matching. 

We use the definitions of the sets Yf } , . . . , Yf } as given in (1731121) with YA; := Vi(M) (i = 1,2). 
As T/(A0 C y(G rcg ), we have that Y 4 (4) = (i = 1, 2). A set I £ Vi{N) is said to be of Type 1 if 
XflYj ^ \\X\. Analogously, we define elements of V(AT) of Type 2, Type 5, and Type 5. 

By (I7.103j) and as V(M g0 od) Q XA, we are in subcase (cA). For each (Ai, A2) £ AA with at 
least one Aj £ {Ai, A2} being of Type 1, set X[ := AjflY^ and take an arbitrary set Ag_j C 
of size |Aj-|. Note that by Fact 12.71 (X' { , Ag_J forms a l^^-regular pair of density at least 7 2 /4. 
We let A/i be the semiregular matching consisting of all pairs (A 4 ', Ag_J obtained in this way] 22 ! 

Likewise, we construct A/2, A/3 and A/5 using the features of Type 2, 3, and 5. Observe that the 
matchings A/i may intersect. 

Because of (|7.103p and since we included at least one quarter of each A/"-edge into one of 

2 

A/i , A/2 , A3 and A/5, one of the semiregular matchings A/i satisfies |V(A/i)| ^ i6?iooo ^ vF n - 

Ai serves as a matching A^ j^jgi for Lemma |7.35I (M1) . Thus, we get one of the configurations 

(o6)-(ol0) as in the statement of the lemma. This finishes case (K2). 

7.7.3 Proof of Lemma I7T331 

Set rj := lff2 f^ r - Define := {v E V(G) : deg Gv (t>, *) > fc}, and := N Gv (*) \ Recall 
that by the definition of the class LKSsmall(n, k, rj), the set * is independent, and thus the sets 
and are disjoint from *. Also, using the same definition, we have 

N Gv (*)CL,, t (G)\* , and thus (7.104) 
e Gv (*,5) = e Gv (*,BnL,, t (G)) for any B C V(G). (7.105) 

We shall distinguish two cases. 
Case A: e Gv (*, N f ) ^ e Gv (*,XAU XB) /8. 

Let us focus on the bipartite subgraph H' of Gv induced by the sets * and N^. Obviously, the 
average degree of the vertices of in H' is at least k. 

First, suppose that |*| < IN 1 " I . Then, the average degree of * in H' is at least k, and hence, the 
average degree of H' is at least k. Thus, there exists a bipartite subgraph H C H' with deg mm (H) ^ 
k/2. Furthermore, deg mm Gv (V(H)) ^ k. We conclude that we are in Configuration (ol). 

Now, suppose |*| > |N^|. Using the bounds given by Case A, and using (|7.90p . we get 

, N ti > ec v (*,N^) fjkn = rjn_ 
11 ^ n*k " 8ft*£; 8ft* ' 

Therefore, we have 

e(G) ^ deg Gv (t;) > |*|ft**fc > |N^|0**jfc ^ 9 kn > 

a contradiction to Property [3] of Definition 



"Note that we are thus changing the orientation of some subpairs. 
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Case B: e Gv (*, N f ) < e Gv (*,XAU XB) /8. 
Consequently, we get 

e Gv (*, (XA U ffl) \ ^ -e Gv (*,XA U XI) ^ -fjkn . (7.106) 

8 8 

We now apply Lemma [7.271 to Gy with input sets ^>] J7.27I := Q>i l7.27l := ^.fc(^) \ 
r >iJ7371 := ^fcl^VLjL^^Gy), and parameters Vw£27] := ^A 00 ' r >il7371 := n *> and ^>if?3Tl := 
0**. Assumption ([7.65P of the lemma follows from ([7. 104j) . The lemma yields three sets L" := 

Q'l ^ 27 \ ^ := ^>i !7.27 l ' := "^t>i l 7.27 l ' and ^ * s eas y *° cnec k that these witness Preconfigura- 
tion (*)( 4 .ffn«)a )- 

Recall that e(G) ^ /cn. Since by the definition of l^j jy 27| i we have |^i |7/27| ^ we obtain 
from Lemma l7.27f d) that 

e0v (*,L„, fc (G)) - e^*',^) S J_ eGv( *, L „ (0)) + in^MOpi-)'* 

?? 40pn 200(Sl*) 2 fc 

^ 100 r/ ?) 

OJ fi 

^ ~&n. (7.107) 

So, 

e Gv (*', (L" n (XA U XB)) \ N 1 ") ^ e Gv (*, (L„,fc(G) n (XA U XB)) \ N 1 ") 

-(e Gv (*,L^(G))-e Gv (*',L")) 
= e Gv (*,(XAuXB) \N f ) 
-(e Gv (*,]U Jifc (G0)-e Gv (*',L")) 

17.1071 f> 

^ e Gv (*,(XAuXl)\N t )-^'i 
«Z2Ml 3 

^ -fjkn . (7.108) 
8 

We define 

: deg Gv (u,L"n(XAUXB)nN^) ^Vfi^fc} . 
Using that e(G) ^ fen, we shall show the following. 
Lemma 7.39. We have e Gv (**, L" n (XA U XB) n N+) ^ Ajyfcn. 
Proof. Suppose otherwise. Then by (|7.108p . we obtain that 

e Gv (*' \ , L" n (XA U XB) n N^) ^ -fjkn . 
On the other hand, by the definition of 

|*' \ **|v^**A; > e Gv (*' \ r,L"n(XAuXB)nN i ) . 
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Consequently, we have 



fjkn 



r\n 



Thus, as \]/ is independent, 

e(G) > de Sc v ( v ) > ^ |¥' \ V*\Q**k ^ jVtt**kn *>* kn , 



a contradiction. 
Let us define O 



□ 



shadow Gv (21, jk). Next, we define 

v{G cxp ) n L" n (XA u XB) n n+ , 
21 n L" n (XA u XB) n N l , 

O n L" n (XA U XB) n N l , and 

(l" n (xa u xb) n n ; ) \ (iVi u iv 2 u jv 3 ) 



7V 4 



Observe that 



odn a 



(7.109) 



Further, for i = 1, . . . , 4 define 

Ci := : deg Gv (v, Nt) > deg Gv («, L" n (XA U XB) n 

Easy counting gives that there exists an index i £ [4] such that 



1 „ i dl 1 

e Gv (C i) iV i ) > — e Gv (**,L"n(XAuXB)nN^) > — ryfen 
lb lzo 



Set Y := (XAUX 
we have 



U*) = (3 



ivl < ^JT28F 
1 40* ' 



(7.110) 

and %jTL28\ = %jTT29\ : =m f l- B y Lemma EH 

(7.111) 



We split the rest of the proof into four subcases according to the value of i. 
Subcase B, i = 1. 

We shall apply Lemma ESS with ry jf^sl := 2 > >i T7T^51 := °*'^>i [7^51 := V^**/ 4 > ^>i l7T28l := 

^o'o(n^ ' X JT281 := P> 7 ?>i T7728T ' X o := ^Ij X i '■= N U and X 2 := V(G cxp ), and Y", and the graph 
(?t>i l7.28l ' which is formed by the vertices of G, with all edges from E(Gy) that are in E(G cxp ) 
or that are incident with We briefly verify the assumptions of Lemma 17.281 First of all the 

choice of <? t> i J7.28l guarantees that ( - ^ ipSP ) ^>i ]7,28l < ^Jq^ - Assumption [His given by (I7.11ip . 
Assumption [2] holds since we assume that (|7.110p is satisfied for i = 1 and by definition of % ^ 28h 
Assumption [3] follows from the definitions of Ci and of 1 J r *. Assumption [5] follows from the fact 
that X\ C y(G CX p) = AT 2 , and since deg mm (G exp ) > p/c which is guaranteed by the definition of 
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a (k, Q**, fT, A, 7, e' , v, /?)-sparse decomposition. This definition also guarantees Assumption [5l as 
FUliUl 2 C V{G) \ 

Lemma E2E] outputs sets := X' , Vi := X[, V 2 := X' 2 with deg min Gv (*", V x ) > ^Q**k/2 
(by ©), deg-"*^^,^ \ F 2 ) < (by <jsj», deg min Gv (V x , *") > (by ©), and 

deg min Gcxp (^ 2 , Ki) ^ g >1 17^ (by @). By (jaj), we have that ^ C YBnL". As de^ G ^{V u X 2 ) > 
deg min (G cxp ) ^ pfc, we have deg min Goxp {V Xi V 2 ) > deg mill Gexp ( V x , X 2 ) - deg max Gexp (^, X 2 \ V,) ^ 

. r/ Til „ — ] iT»/ — „„ 13 -G „j-; — 

-4-10 Be (Q*) 



Since L', L" and witness Preconfiguration (♦)( 4 . 1f ^«? «Nii ) ; this verifies that we have Con- 



figuration (o2) ( 4 , 10 t^)ii , v^/2, 1280 " f n . )a 
Subcase B, i = 2. 

We apply Lemma [7.281 with numerical parameters 7 ^7 28! := ^> ^>i l7.28 l := ^r>i !7.28 l := v / f^**/4, 
'Vi TOg] := ^ioo(^ ' 7>i Q8l := 7, an d Vc tfHM Further input to the lemma are sets X := C 2 , 
Xi := N 2 , and X 2 := V(G)\^, and the set Y. The underlying graph C l> ] J7,28l ^ s t ne graph Gx> with 
all egdes incident with \I/ added. Verifying assumptions of Lemma 17.281 is analogous to Subcase B, 
i = 1 with the exception of Assumption 4. Let us therefore turn to verify it. To this end, it 
suffices to observe that each each vertex in X\ is contained in at least one (7/e, 7)-dense spot from 
T> (cf. Definition 14. 6p . and thus has degree at least jk in X 2 . 

The output of Lemma l7.28l are sets Xq,X[, and X' 2 which witness Configuration (o3)( 4 ^s^mwyn > 

/2, 7/2, 12 8oo(r2*) 2 )' ^ n ^ ac *' ^ ne only thing not analogous to the preceding subcase is that we 
have to check (|7.31|) . in other words, we have to verify that 

deg™* Gl ,(X[,V(G)\(X' 2 U*)) 

As V(G) \ (X' 2 U *) = X 2 \ X' 2 , this follows from (jcj) of Lemma EMI 
Subcase B, i = 3. 

We apply Lemma [7. 281 with numerical parameters r >t ]7 28l := ^' ^>i |7.28 l := ^>i !7.28 l := V^**/4, 

5 >iE28] := . 7>iE28] := 7, and r? >1 {7728} Further inputs are the sets X := C 3 , X 1 := N 3 , 

X 2 := 21, and X 3 := V(G) \ and the set Y. The underlying graph is G^ jy^g] := G v U G75. 
Verifying assumptions Lemma 17.281 is analogous to Subcase B, i = 1, only for Assumption 4 we 
observe that deg min GvUGc (X u X 2 ) ^ deg min Gv (X ls X 2 ) > 7A; by definition of X x = N 3 C O, and 
deg mm GvUGi:) (X 2 , X3) ^ deg mm GEi (X 2 , X3) ^ 7^ for the same reason as in Subcase B, i = 2. 

Lemma EMI outputs Configuration (o4) ( 4 . 10 C%t)ii , v^/2,7/2, 384( f 7 ( ^ )3 ), with := X' Q , 
V\ := X{, 21' := X' 2 and V2 := X' 3 . Indeed, all calculations are similar to the ones in the preceding 
two subcases, we only need to note additionally that deg min GvUGD (Vi, 21') ^ "^T 38400(n*) 3 ' w hich 
follows from the definition of N 3 and of O. 
Subcase B, i = 4. 

We have and c is the size of an arbitrary cluster in V. We are going apply Lemma [7.291 with 

iiE23 : = ^iEZS]/ 100 ' %iE2S ^iE29l : = %iEM/( loon *)> ^iE29l := n *> KkM := 

and sets A~o := C4, X\ := JV4, and Y . The underlying graph is (7 ^^ 291 := ^Vi and ^>i ]7.29l ^ s ^ ne 
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set of clusters V. 

The fact e(G) ^ kn together with (I7.110P and the choice of %r J7.29l gi yes Assumption [2] of 
Lemma 17.291 The choice of C4 and gives Assumption [3j The fact that X\ n ^ = yields 
AssumptionSJ With the help of (|7.3p it is easy to check Assumption [TJ Inequality (|7.11ip implies 
Assumption (5) To verify Assumption [6l it is enough to use that [C^j ]^ 29I ^ ^- We have thus 
verified all the assumptions of Lemma 17.291 

We claim that Lemma [7,291 outputs Configuration (o5) ( g^^p^yn , v / ^**/2, j^foo' 2> 12800H* ) ' 
with := X' and V\ := X(. In fact, all conditions of the configuration, except condition (|7.39p . 
which we check below, are easy to verify. (Note that V\ C YB since V\ C Xi = ./V4 C XA U XB. 
Also, V± C L", and thus disjoint from 1 J r . Moreover, by the conditions of Lemma [7.291 V\ is disjoint 
from Y. So, Vi C YB.) For (|7^5|> . observe that (17TT091) implies that deg max Gv (JV 4 , 21) < jk 



Further, we have X[ C iV 4 \ F . So for all CN^\F, we have that deg G (x, V(G) \ *) ^ 



As iV 4 C U V \ y(G cxp ), we obtain deg Grcg (x) > M _ 7 fc ^ 2£ fulfilling {732]). 



10 ' 



7.7.4 Proof of Lemma 17.341 

Set YA[ := {v G YA X : deg Goxp (?;, YA 2 ) ^ pA;}. By ([73B we have 

e Gexp (JA' 1 ,YA 2 ) ^ pkn . (7.112) 

Set r >iTT30l : = 3 > ^iTTBOl : = 7>iI73D1 : = W' ^JTp : = lo^F . : = P- Observe 

that (|7.76|) is satisfied for these parameters. Set ^t J7.3Q| := V 1 Ao : = YA2, X\ := YA' X , X 2 = X 3 := 
^(G CX p) ri , and V := V(G). Let E 2 := E(G V ), and ^ = E 3 := £(G cxp ). We now briefly verify 
conditions QUI] of Lemma 17.301 Condition Q] follows from Definition I7.6I |T|) and (|7.3p . Condition [2] 
follows from (|7.112p . Using Definition ED® , ([7TT5]) and ([73]) . we see that Condition [3] for i = 1 
follows from the definition of YA' l5 and for i = 2 from the fact that deg mm (G ex p) ^ pk. Last, 
Condition H] follows from the fact that Ui=o-^ is disjoint from 

Lemma [7. 301 yields four non-empty sets X' , . . . , X 3 . By assertions (jaj), (JbJ), (jcj), and hypothesis [3] 
of Lemma[730l for all i G {0,1,2,3}, j G {i - l,t + 1}\ {-1,4} we have 

deg^. .(X'^X'j) > 5 >m $, (7.113) 

where Hij = G exp , except for {i,j} = {1,2}, where H^j = Gy. 

Thus, the sets X' Q and X[ witness Preconfiguration (exp)((5 >I )y 3q[ ). By Lemma 17.101 and 
by (|7.92p and (|7.93p . the pair Xq,X[ together with the cover T from (|7.13p witnesses either Pre- 
configuration ( ( yi)( 2 3 ^ ? 3 , p2(l + 2o)k) (with respect to F) or Preconfiguration ( l v ) 2)(p2(l + ^)k). 

Notice that (|7.113p establishes the properties (|7.48p - (|7.5ip . Thus the sets Xq, . . . ,X' 3 witness 
Configuration (06) (^j^ 0, 1, 1, ^r,p 2 (l + ^)k). 



7.7.5 Proof of Lemma 17.351 

In Lemmas QUI OH Q3l OH Q5l below, we show that cases (tl), (t2), (t3), (t3-t5), and 
(t5) of Lemma 17.351 lead to configuration (06), (o7), (08), (o9), and (olO), respectively. While the 
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first three of these cases are resolved by a fairly straightforward application of the Cleaning Lemma 
(Lemma 17, 3ip . the latter two cases require some further non-trivial computations. 

Lemma 7.40. In case (tl) (of either subcase (cA) or subcase (cH)) we obtain Configuration 

( 06 ) (io^(f2*) 4 > 47r ' SF' %Wi ^D0'P2(1 + $s)k). 

Proof. We use Lemma [7.311 with the following input parameters: ^7,311 := 3, ^t>] J7.3l| := 
7>iE3U : = W/200, %MM := p/(2Q*), 6 > ^ M := rf / / (10 12 e > ^ M := e, ^ jVnm := (3 
and ^ > i |7 - 3i| := d. Note these parameters satisfy the numerical conditions of Lemma 17.311 We 
use the vertex sets Y > ^f^\ := V U F, X := V 2 (Ai), X x := V\(M), X 2 = X 3 : = y(G cxp ) ri , and 
V := V(G). The partitions of Xq and X\ in Lemma 17.311 are the ones induced by V(A4), and the 
set Ei consists of all edges from E(D\?) between pairs from Ai. Further, set E% := E(Gy) and 
E3 : = E(G exp ). 

Let us verify the conditions of Lemma l7.311 Condition[T]follows from Definition LT^6J((T|) and (|7. 17j) . 
Condition [2] holds by the assumption on Ai . Condition [3] follows from Definition I7.6I |6|) by (|7.15p , 
and for i = 1 also from the definition of Ai . Conditions 0] hold by the definition of Ai . Finally, 
Condition [5] follows from the properties of the sparse decomposition V. 

The output of Lemma [7.31l are four sets Xq, . . . , X' 3 . By Lemma f7.101 the sets X' and X[ witness 
Preconfiguration (Cl)(3?7 3 /(2 • 10 3 ),p 2 (l + gjj)Jfe), or (<?2)(p 2 (l + ^)k). Further, Lemma ESUjaj) 
gives that (X ,X[) witnesses Preconfiguration (reg)(4e, d/4, /3/2). It is now easy to verify that we 
have Configuration (06) ( 10 if ( ^ )4 , 4e, j, f , jg^, p 2 (l + ^) k ) • 

This leads to Configuration (06) with parameters as claimed. Indeed, no matter whether we have 
(Ml) or (M2), we have 4vr ^ 4-±^, and 7 3 p/(32ft*) < 7 2 /4, and ?7 2 ^/(2-10 4 ) < r? 2 c/(8 • 10 3 fc) 
7/V/(8 • 10 3 ) ^ ap/tt* (for the latter recall that c < e'k by Definition 02] ©) . □ 

Lemma 7.41. In case (t2) (of either subcase (cA) or subcase (cH)) we obtain Configuration 

U7\( 7 3 7 3 P VI A~ 7 3 P V 2 v 3?? 3 tt /-. 1 _2_\jL\ 
V W AlO 1 ^*) 4 ' 400'^' 32H*' 2O0 4 "' MP'P^ 1 ^ 20 '"V - 

Proof. We use Lemma 17.311 with the following input parameters: r ^fr^jj := 3, ^t>i |7.31| := 
7 t >il73T1 := ^7/200, ?? >I (73Tj:= p/n*, ^i|73T1 := ?? 3 7 3 P/(10 12 (^*) 4 ), £>iI73I1 := /ME3H := Z 3 and 
d oiE3U := d - We use the vertex sets y >iE3I] := ^ U F, X := V 2 (M), X x := Vi(M), X 2 := 2l r \ 

:= ^Ji, and V := V(G). The partitions of Xo and X± in Lemma 17.311 are the ones induced 
by V(Ai), and the set E\ consists of all edges from E(D\r) between pairs from Ai. Further, set 
E 2 := E(G V ) and E 3 := E{G V ). 

The conditions of Lemma 17.311 are verified as before, let us just note that Condition [3] follows 
from Definition l7.6t [S|) and by (|7.15|) , and for i = 1 from the definition of Ai , while for i = 2 it 
holds since 21 is covered by the set V of (7/c, 7)-dense spots (cf. Definition I4.(jj) . 

It is now easy to check that the output of Lemma 17.311 are sets that witness Configuration 

(07) ( Tfj ^,^, 4,-, 1,1,^,^(1 + ^). □ 

Before proceeding with dealing with cases (t3), (t5) and (t3— 5) we state some properties of 
the matching Ai := {Ma U Mb) ■ 
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7.7 Obtaining a configuration 



Lemma 7.42. For leftover := V(M A UM B ) n \V(M) andY M := FUFUshadow Gl ,(Vi cftovcr , 
we have 

(a) M is a (^jp, f , T^)-semiregular matching absorbed by Ai A UMb and V(M) C and 

r&; 1^1 < 

Proof. Lemma 17.421 (jaj) follows from Lemma 17,81 

Observe that from properties (pQ) and (J3|) of Definition 17.61 we can calculate that 

I leftover I < 3- A: ' 9 • \M A UM B \ + I JVU V* — + 2exp(-fc al ) < 2en. (7.114) 

I w Z7TC 

Then 

rj 2 k 



Y M \ ^ \V\ + \¥\ + 



shadow Gl , ( leftover 



(by FactO < |V| + |F| + I leftover I 



V 1000 
1000ft* 



3000eO*n 

(by 17.1141 , g7.6in , EU rrrri ) < 5 



as desired for Lemma [TT42]Jb]) . □ 

' if^p r)7 400s 4= d d >?7rc £ 
. 10 15 (C*) 5 ' 400' r? >^ fc > 2' 4' 200fc ' 2' 



Lemma 7.43. 7n Case (t3)(cA) we obtain Configuration (08) 4e, ^ ^ £ 



Pi(l + ,2j)fc,p 2 (l + 

Proof. We use Lemma [7.311 with the following input parameters: ^7 gjj := 4, >T J7 3H := ft*, 
7>iT7^T1 := ^77/200, p/ft*, ^iQj:= /7 4 7V(10 15 (fi*) 5 ), £>iQ1 := e, /WT5I1 := ^ and 

^oi l7.31l := ^- We use * ne following vertex sets ^j |7.31p = -^0 : = ^(.M), Xi := V\(M), 

X 2 := (L v , k (G)nV^y o \{V(G cxp )U%UV(M A UMB)UV^UL # UP*UP 1 ) , 

X 3 := 2l ri , X 4 := qji, and F := V(GQ. The partitions of X and X x in Lemma OH are the 
ones induced by V(M), and the set E\ consists of all edges from E(T>^) between pairs from A4. 
Further, set E 2 = E 3 := E(G V ) and E 4 := E{G V ). 

Most of the conditions of Lemma [7,31l are verified as before, let us only note the few differences. 
Condition [1] follows from Lemma I7.42lfbj) . Using Definition I7.6t [6j) and f|T. 15j) , we find that Condi- 
tion [3] for i = 2 follows from the definition of V^<%, and Condition [3] for i = 3 holds as it is the same 
as Condition [3] for i = 2 in Lemma 17.411 In order to prove Condition [3] for i = 1 we first observe 
that since we are in case (t3), we have 

Vi{M) C shadow GV ((^nL^(G)) \V(M A U M B ),^)\(sh a dow Gv (V(G exp ), pk)UV^) . 

(7.115) 

Also, since we in case (cA), we have 

V l {M)C\? = $. (7.116) 
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7.7 Obtaining a configuration 



Thus, for each v G V\(M) we have, using Definition l7.6H[6l) . 

deg Gv (i;, X 2 ) > p ( deg Gv (v, (h v , k (G) n K. a ) \ F(AU U A^)) 

- deg Gv (u, y(G exp ) U 21 U Ul # UP a U 

rj (2n 2 k pk r/ 2 k\ nq 

(by srrm & rmet & EH)) ^ ( - pk - innr ^ - ) - k ' 

(by ESJ) ^ 



,0.9 



100 v 10 5 ' 100ft* 10 5 



200 ' 

which indeed verifies Condition [3] for i = 1. 

Define M := M \ {(A, Y) G M : IU7C V{Ny)}. By Lemma [732] ((aj) we have that N Q M 
is a (^jp, |, ^)-semiregular matching absorbed by A*a U A4b, and that F(jV) C 

To see that the output of Lemma 17.311 together with the matching J\f leads to Configuration 

(<> 8 )(to?W' & 4e ~' 3. 1 > & § 'P^ 1 + l))^'P2(l + let us show that is satisfied 

(the other conditions are more easily seen to hold). 
For this, let v G X' 2 . We have to show that 

deg G Jv,X' 3 ) + deg Gi Jv,V(M))^ Pl (l + ^)k. (7.117) 
Note that v G" V(G exp ), and thus deg Gox (u) = 0. This allows us to calculate as follows: 



deg G Jv,X' 3 ) + deg Grc >, V(M)) ^ deg Gv («,*Pi) " deg G >, X 3 \ X' 3 ) 

- deg Greg K V(JVa)) - deg Greg (^, leftover) (7.118) 

- deg Grcg K y(G) \ y(A^ U Af B )) . 

We now bound the terms of the right-hand side of (17. 118ft . From Definition I7,6ti6l) we obtain 
that deg Gv (u,qJi) ^ pi (deg Gv (v) - deg G (u,*)) - A; ' 9 . Lemma OBjcj) gives that deg Gc (t;, A 3 \ 
X' 3 ) sC As v P a U V(M A U Mb), we have deg Grcg (v,V(M^)) < -yk. As v £ Y M and 

thus v shadow Gt) (leftover, we have deg Gc (v, leftover) < toM- Last, recall that v G" 

PiUl-^AUuAfB), and consequently deg Grcg (f,y(G)\y(A^ J 4UA^B)) < 7&. Putting these bounds 
together, we find that 

deg G Jv,X' 3 ) + deg Gv Jv,V(M)) > Pi (deg Gv (u) - deg G K *)) - ^ 

9?7 7]k \ rfk 



( as ,e Sjfc (G)\(L # UVV,*)) >Pl((l+ 10/ - 10Q y 

(by EH & ED) ^ fl(l + . 
This shows (|7.117p . □ 
Lemma 7.44. In case (t3-5)(cB) we get Configuration (o9) ( 10 2 7 ?q*\3 , jfe, Pi (1 + 3o")&ip2(l + 

JMj. 400e d rprc a 7 3 P ^ N 
20/ ' r? ' 2 » 200fc ' ' 32H* ' MP/ ' 
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7.7 Obtaining a configuration 



Proof. Recall that by Lemma 17.101 we know that J 7 , as defined in (17.131) . is an (Ma U Makeover. 
We introduce another (Ma U A^s)-cover, 

T' := JU {X G V(M B ) ■ X C 21} . 

By (I7.27D and as we are in case (cB), we have deg max Gv (Vi(M), \J F) ^ ^qJ^- Furthermore, as 
we are in case (t3— 5), we have Vi(M) D V^,% = 0. Thus, 

deg max Gv (V^MIU? 1 ) < J^ k - ( 7 - 119 ) 
We use Lemma 17.311 with the following input parameters: r >I j7jgj] := 2, ^ > ] J73T] := 
7>iE3U == VVW U , %iTmi : = P/2n*, **E3H : = W 8 /(10 27 (ft*) 3 ), e >lES] := e, M := /3 
and dt>T j7.31| := d. We use the following vertex sets Y^ jf gjj := Yj^, X$ := V^M), X\ := V\(M), 
and X 2 := V(M)\\JJ r/ C (J V^ 1 . The partitions of X and X x in LemmaEM] are the ones induced 
by V(M), and the set E\ consists of all edges from E(V\/) between pairs from M. Further, set 
E2 := E(Gx>). 

Condition [JJ of Lemma [7.311 follows from Lemma f7.42l|b|) . Condition [2] follows by the assumption 
of Lemma 17.441 on the size of V(M). Condition 0] follows from the definition of M. Condition [5] 
holds since V(M) does not meet \l/ . 

It remains to see Condition El for % = 1. For this, first note that from Lemma 17.101 we get that 

deg min Gv (Vi(M), V^ od ) ( f deg min Gv (xA \ (P U V), V^ od ) > Pl (l + ±)h . (7.120) 
From this, we calculate that 

deg min Go (Vi(M), V(M A U Mb) ll ) > deg min Gv (Vx(M), V(M A U M B ) 11 ) 

- deg max Gcxp (V±(M),V(Ma U Mb)) 
(by EU & ED) ^ deg min Gv (M), V^J 

-deg max Gv (y 1 (A^),2t) 

- deg max Gv (Vi(A1),L 7 , jfc (G) \ y(M A U Mb)) 

- deg max Gv (Vi(M), y(G cxp ) \ F(M A U Mb)) 

- deg max Gv (Fi(M), F(G exp ) n V(M A U Mb)) 
77 p/c 

(by 17.1201 . as Vi (M) n V_h = & (cB)) ^ pl(l + — fc) 



20 ' 100ft* 

-deg max Gv (XA\P 3 ,XA) 

-deg max Gv (Vi(M),y(G cxp )) 
») pk rfk 

(by dcf ofP 3 & as VHA-I) H shadow G ( V(Goxp ) , pfc) = by (t3-B)) ^ pl(l + — J K ~ : _ ~ 7T~ ~ ~ TT ~ (7.121) 

20 lOOir IIP 
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7.7 Obtaining a configuration 



We obtain 



deg^cjV^M) \ X 2 ) > deg min Gc (Vi(M) \ V{M)) - deg^^M), [j F') 

^ dcf of m, EHU) ^deg m ' m G ^(V 1 {M),V{M A UM B ) 11 ) 



deg^cjV^M) \ Y fI , V Mtovev ) - ^ 

r) pk rj s k 7] 2 k 2n 3 k 



(by|nilandbydrfrfy ^ ^ pl(1 + 2o )A; - iomF" 103 1000 103 

^(l + ^Jfc. (7.122) 
4 

Since the last term is greater than 7 t> i J7,3lft = iott^ by (|7.15p . we see that Condition [3] of 
Lemma 17.311 is satisfied. 

The output of Lemma [7.31l are three non-empty sets Xq,X[,X 2 disjoint from y>i ]7.3U together 
with (4e, |)-super-regular pairs {Qq \ Q\^}jey which cover (Xq, X[) with the following properties. 

(by L mma[T3i]{a)) min 1 1 | , IQf^l} ^ for each j £ y , (7.123) 
(b y LcmmaEHUB) deg min Gp (X' 2 , x[ ) > 6 >1 ^^ , (7.124) 



(by LemmaEMHa and EUD) deg™" 1 ^ (X[ , X 2 ) ^ pi (1 + — )k - - n 



(7.125) 



We now verify that the sets X' , X[,X' 2 , the semiregular matching N^ rfj 241 := together with 
the (A^a U .Ms)-cover J 7 ', and the family {(Qq , i )}jey satisfy all the conditions of Configura- 
tion (o9)(5 >lE3I} g, Pl (l + ^)fc,p 2 (l + , f , ft 4^,7^/320*^^/2 • 10 4 ). 

By Lemma 17.101 since we are in case (cB) and by (|7.119p . the pair X' ,X[ together with the 
(Ma U A^s)-cover T' witnesses Preconfiguration (<^1)(|^, p 2 (l + ^)k). By Lemma 17121 (jaj) . .M 
is as required for Configuration (o9). 

To see that G is in Preconfiguration (reg)(4-7r, 7 3 p/32fT, n 2 vj2 ■ 10 4 ), note that 4s ^ 47r and 
J/4 ^ 7 3 p/320* (in both cases (Ml) and (Ml)). Further, Property (f7T4T|) follows from (|7.123p 
since p/2 ^ r/V 2 • 10 4 . 

Finally, by definition of X 2 , the set X 2 is as required, with Property (|7.63j) following from (|7.125l) . 
and Property ([7T64]) following from (|7.124|) . □ 

We are now reaching the last lemma of this section, dealing with the last remaining case. 
Lemma 7.45. In Case (t5)(cA) we get Configuration (olO) (g, ^J*, ir^/e'i/k, fc , ^) . 
Proof. Since we are in case (t5), we have V(.M) C V"(G reg ). Therefore, 

deg^ Gr jV(M), V good ) > deg min Gv (y(M), V + \ L#) - deg^ Gv (V(M), *) 

- deg max Gv (F(.M),2l) - deg max Gv (F(.M), F(G cxp )) 

+ (7-126) 
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7.7 Obtaining a configuration 



where the last line follows as V(M) C XA \PC YA \ Vyt,* by (cA) and furthermore, V(M) n 
(shadow G (l/(G cxp ),pfc) U K, a ) = by (t5). 
Define 

C := {C\ (L# UV (M A U Mb) UV^UP!) : C G V} , 
C~ := {C G C : |C| < V^c} , 

We have 

||JC-| < J^Vi'|C| (7.127) 

cec 

Set V° := V{M A UM b )U(C\ C~) and let G° be the subgraph of G with vertex set \J V° and 
all edges from E(G Teg ) induced by |J V° plus all edges of E(G\/) \ E(G exp ) between X and Y for 
all (X, Y) G Ma UMb- Apply Fact E7J (and recall Definition l4~7l (|2])) to see that each pair of sets 
1,7 6 V° forms an e-regular pair of density either or at least -) 2 d/2 (whose edges either lie in 
G reg or touch 21). 

Next, observe that from Setting \7. 41 (j3|). Fact 14.31 and Fact 14.41 and using Definition I4/TJJ6]) , we 
find that for all X G V° which lie in some cluster of V, we have |(JN G °(X)| < HJN Gx) (X)| ^ 
— • Also, observe that for all X G V° which do not lie in some cluster of V, we know 

7 7 ' ' 

from Setting [73] that X does not see any edges from E(G TCg ). This means that |JN G o(X) is 
contained in the partner of X in Ma U Mb (which has size at most c ^ e'k by Setting [731 © and 
Definition HZ]©). 

Thus we obtain that 

(G°,V°) is an (e, -!—, ttVFc, ± — i—) -regularized graph. (7.128) 

2 7^ 

Define 

C :=[xeV°\V(MAUM B ) : deg min GO (X) > (1 + . 
We claim that the following holds. 

Claim 7.45.1. There are distinct X A ,X B G V°, with E(G [X A ,X B }) ^ 0, such that we have 
deg Grcg (v, F(AU UM B )U[jr))(l + ^)k for all but at most 2e'c vertices v G X A , and all but 
at most 2e'c vertices u G Xb- 

Then, setting := G°, V >lM == V°, -M>rJ736l - -^A U A^, ^ 

A >r jy 26I := -^-A) anc ^ ^i>r J7.26l := -^Sj we have obtained Configuration (olO) (e, vr-v/e 7 ^4 fc , r//40) . 
Indeed, using (|7.128j) . and the definition of C° we see that (G^j- jy^g] , V^r JT^Hl ) > -^i> d7T26l an< ^ 
^> d 7.26 l are as desired and fulfil (jcj). Claim 17T45.1I together with the fact that deg G o(?;, V(Ma U 
A^b) U U£°) > deg Grcg (u, F(A1a U M b ) U U^°) for all u G V(G°) ensure that also (jaj) and © 
hold. 

It only remains to prove Claim [7.45.11 
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7.7 Obtaining a configuration 



Proof of Claim \1.J^5.1\ In order to find Xa and Xb as in the statement of the lemma, we shall 
exploit the matching M; the relation between M and (G°, V°), Ma U Mb, and C° is not direct. 
We proceed as follows. In Subclaim I7.45.1.T1 we find a suitable Af-edge. In case (Ml) this M- 
edge gives readily a suitable pair (-*4 > r j7.26T > -^>r j7T26"i ) • ^ n case (M2) we have to work on the 
Af-edge to get a suitable G reg -edge, this will be done in Subclaim 17.45. 1.2] Only then do we find 

Subclaim 7.45.1.1. There is an Af-edge (A,B) such that deg Grcg (v, V(Ma U Mb) U |J C°) > (1 + 
io)^ + m) ^ or a ^ l eas t \A\/2 vertices v £ A, and at least \B\/2 vertices v € B. 

Proof of Subclaim \ 7.45. 1. 1\ Set S := shadow Grcg (|jC _ , ^oo), and note that by Fact 17.11 we have 
\S\ ^ \ \JC~\ ■ ^f?-. So, setting M s := {(X,Y) G M : \(XUY)nS\ > |Xuy|/4} we find that 

where the last inequality holds by assumption of Lemma 17.451 Consequently, M ^ Ms- 

Let (A, B) S M \ Ms- We will show that (A, B) satisfies the requirements of the subclaim. We 
start by proving that 

V + n V(G°) \ (V(M A U Mb) U |J £°) C y(G cxp ) U n hr,,k(G))- (7.129) 
Indeed, observe that by (|7.7p . 

v+ n v(G°) c v(Ma u ai b ) u y(G cxp ) u (^(G) \ (l # u u Pi)) 

C V(M A U Mb) U y(G cxp ) U (L9g jfc (G v ) \ U Pi)) . 

So, in order to show (|7.129p . it suffices to see that for each X G V° \ V(A*a U A*b) with 
X C Ls^ k (G\r) \ (V/tip U Pi U V(G cxp ) U K^a) we have X £ C°. So assume X is as above. Let 
v £ X. We calculate 



deg Grcg ( W ,y(G°)) ^ deg Gi Jv,V(M A <J M B )) 

9ri 

(v <t v(G oxp) ) > (1 + — )fc - deg G (?;, *) - deg Gc (u, 21) 

- deg Grc >, IJ V \ y(Al4 U A^b)) 
. n . 9?7 r)k pk 

NV^u^,up i u?(M j uJK b )) ^ (1 + — Jfc - — - T^y; ~l k 

>(! + ![)*. 

We deduce that X G £° , which finishes the proof of (|7.129j) . 
Next, observe that by the definition of C, we have 

v + nv(G°)^v good nv(G°) 

5 ^good \ (^good \ V(G°)) 

5 ^good \ (Vfi 9 U Pi U \J C~ U 21 U y(Ge X p)). (7.130) 
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7.7 Obtaining a configuration 



We are now ready to prove Subclaim 17.45.1.11 For each vertex v G A \ S, we have 

deg Grcg (y,V(M A UM B )u\JC°) >deg Gi Jv,V+nV(G°)) 

- deg Grog (v, (V+ n V(G )) \ (V(M A U Mb) U £°)) 
(b y eh, B) ^ deg Grog («, Vg 00d ) - deg Grog (v, V^* U Pi U |J C ) 

- deg Grcg («, 21) - 2 deg Grcg (v, V(G cxp )) 

- de gGrcg L, n L^ )fe (G)) \ u 



>(l + ^ + ^, 
v 40 ; 200 

where for the second to last inequality we used the abreviation 'by (t5)' to indicate that this case 
implies that v <£ shadow Gv (V(G exp ), pk) U shadow Gv ((IC^a n ~h Vi k{G)) \ V(Ma U Mb), ^). As 
| .A \ 5| ^ |A|/2, we note that the set A fulfils the requirements of the claim. 

The same calculations hold for B. This finishes the proof of Subclaim 17. 45.1.T] □ 

The next auxiliary subclaim is needed in our proof of Claim [7.45.11 in case (M2). 
Subclaim 7.45.1.2. Suppose that case (M2) occurs. Then there exists an edge CaCb G ^(Greg) 
such that deg G (v,V (Ma U Mb) U \J C°) ^ (1 + -fa)k + ^ for all but at most 2e'c vertices 
v G Ca, and all but at most 2e'c vertices v G Cb- Moreover, there exist A,B£ V(M) such that 
\Ca nA\> Ve^c and \C B D B\ > Ve'c 

Proof of Claim \7.45.T3^ Let (A,B) G M be given as in Subclaim 17.45.1.11 Let Pa Q A, and 
Pb C 5 be the vertices which fail the assertion of Subclaim 17. 45.1.T1 Note that with this notation, 
Subclaim 17.45. 1 . fl states that 

\A\P A \^\A\/2. (7.131) 

Call a cluster C G V A-negligible if |C n (A \ P A )\ < MFifcl^l- Let be the union of all 
A- negligible clusters. 

Recall that (A, B) is entirely contained in one dense spot from (U,W;F) G Py (cf. (M2)). So 
by Fact 14.31 and since the spots in 2?y are (^j-j ^)-dense, we know that max{|{7|, \W\} ^ 
In particular, there are at most A-negligible clusters which intersect to An R A . 

As these clusters are all disjoint, we find that 

40* k 141 

\(AnR A )\P A \ ^^-\cn(A\p A )\ < U. 



This gives 



trm\ \A\ \A\ 

\A\(P A UR A )\ > l -^-\(AnR A )\P A \> l -f. 



Similarly, we can introduce the notion S-negligible clusters, and the set Rb, and get \(BC\Rb)\ 
§1 

4 



P B \ < ^ and \B \ {P B U fl B )| > |5|/4 
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By the regularity of the pair (A, B) there exists at least one edge ab G E(G*[A\ (Pa U Ra),B \ 
(PbURb)]), where a £ A,b £ B, and C* is the graph formed by edges of Vy. As V(M) C F(G reg ) 
by the assumption of case (t5), we have that ab G E(G rcg ). Let Ca,Cb G V be the clusters 
containing a and b, respectively. Note that CaCb G -E(G reg ). 

Now as a ^ i?^, also G4 is disjoint from .R^, and thus 

This proves the "moreover" part of the claim for Ca- So there are at least 2e'c vertices v in Ca 
with deg Gics (v, V(M A UM B )U{jC° ) ^ (l + JL)jfc + || (by the definition of By Lemma EM 
and using Facts S3] and 031 we thus have that deg Gicg (v, V(Ma U A4b) U (J £°) > (1 + ^)& + ^ 
for all but at most 2e'c vertices t> of Ca- The same calculations hold for Cb- Q 

In the remainder of the proof of Claim 17.45.11 we have to distiguish between cases (Ml) and 
(M2). 

Let us first consider the case (M2). Let Ca,Cb £ V and A, B £ V(Ai) be given by Sub- 
claim 17.45.1.21 We have \C A \ (V/** U L # U Pi)| > \fef\C A \ by Subclaim 17.45.1.21 and by the 
definition of M and the definition of P. Thus, Ca H V(G°) is non-empty. Let Xa £ V° be an 
arbitrary set in Ca- Similarly, we obtain a set JTb G V°, Xb C Cb- The claimed properties of the 
pair (Xa,Xb) follow directly from Subclaim 17.45.1.21 

It remains to treat the case (Ml). Let (A, B) be from Subclaim l7.45.1.H Let (Xa, Xb) G A4 goo d 
be such that Xa 5 A and Xb 3 B. Claim IT. 45. 1.1 1 asserts that at least 

\A\ ( M1 ) ri 2 c . 
— ^ — — r > 2e c 
2 2 • 10 4 

vertices of A have large degree (in G reg ) into the set VX-M^LLM b)U]J C° . Therefore, by Lemma [2.10l 
Xa and Xb satisfy the assertion of the Claim. 

This proves Claim 17.45.1] and thus finishes the proof of Lemma 17.451 □ 

□ 

The proof of Lemma 17.351 follows by putting together Lemmas 17.401 17.411 17.43] 17.44] and 17.451 



8 Embedding trees 

In this section we provide an embedding of a tree ^r jjjgj G trees(fe) in the setting of the configura- 
tions introduced in Section]?] In Section [8TT1 we first give a fairly detailed overview of the embedding 
techniques used. In Section 18.21 we introduce a class of stochastic processes which will be used for 
some embeddings. Section ]8.3I contains a number of lemmas about embedding small trees, and use 
them for embedding knags and shrubs of a given fine partition of T^r jj - ^ Embedding the entire tree 
^>r jL3l * s then handled in the final Section 18.41 There we have to distinguish between particular 
configurations. The configurations are grouped into three categories (Section 18.4.11 Section 18.4.21 
and Section ]8.4.3p corresponding to the similarities between the configurations. 



108 



8.1 Overview of the embedding procedures 



8.1 Overview of the embedding procedures 

Given a host graph Gy J[31 with one of the Configurations (o2)-(ol0), we have to embed in it a 
given tree T = I^ jj^j g trees(A;), which comes with its r/c-fine partition (Wa,Wb,Sa,Sb)- The 
r/c-fine partition of T will make it possible to combine embeddings of smaller parts of T into one 
embedding of the whole tree. This means that we will first develop tools for embedding singular 
shrubs and knags of the rfc-fine partition into various basic building bricks of the configurations: 
the avoiding set 21, the expander G cxp , regular pairs, and vertices of huge degree Second, we 
will combine these basic techniques to embed the entire tree T. Here, the order in which different 
parts of T are embedded is important. Also, it will be crucial at some points to reserve places for 
parts of the tree which will be embedded only later. 

In the following subsections, we draft our embedding techniques. We group them into five cate- 
gories comprising of related configurationj^l: Configurations (o2)-(o5), Configurations (o6)-(o7), 
Configuration (08), Configuration (o9), and Configuration (olO), treated in Sections I8.1.1| [8.1.21 
18X31 18X31 18X51 respectively. 

8.1.1 Embedding overview for Configurations (o2)— (o5) 

Recall that we are working under Setting 17.41 In each of the Configurations (o2)-(o5) we have 
sets L" , L' and V\. Further, we have some additional sets (V2 and/or 21') depending on the 

particular configuration. 

A common embedding scheme for Configurations (o2)-(o5) is illustrated in Figure EU There 
are two stages of the embedding procedure: the knags, the shrubs 5,4 and some parts of the shrubs 
Sb are embedded in Stage 1, and then in Stage 2 the remainders of Sb are embedded. Recall that 
Sa contains both internal and end shrubs while Sb contains exclusively end shrubs. We note that 
here the shrubs Sb are further subdivided and some parts of them are embedded in the Stage 1 
and some in Stage 2. 

• In Stage 1, the knags of T are embedded in and V\ so that Wa is mapped to and Wb 
is mapped to V\. 

• In Stage 1, the internal and end shrubs of Sa are embedded using the sets Vi, V2 and 21' which 
are specific to the particular Configurations (o2)-(o5). The vertices of Sa neighbouring Wa 
are always embedded in V\. Parts of the shrubs Sb are embedded while the ancestors of the 
unembedded remainders are embedded on vertices which have large degrees in . 

• In Stage 2, the embedding of Sb is finalized. The remainders of Sb are embedded starting 
with embedding their roots in ty' . 

A hierarchy of the embedding lemmas used to resolve Configurations (o2)-(o5) is given in Table [8X 



Configuration (ol) is trivial (see Section \8. 4. 1[) and needs no draft. 
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ancestors of "suspended" part of Sb 




Figure 8.1: An overview of embedding of a tree T 6 trees(fc) given with its fine partition 
(Wa, Wb,Sa,Sb) using Configurations (o2)-(o5). The knags are embedded between \I>" and 
V\, all the shrubs Sa are embedded into sets specific to particular configurations so that the 
vertices neighbouring Wa are embedded in V\. Parts of the shrubs Sb are embedded directly 
(using various embedding techniques), while the rest is "suspended", i.e., the ancestors of the un- 
embedded remainders arc embedded on vertices which have large degrees in yp'. The embedding 
of Sb is then finalized in the last stage. 



8.1.2 Embedding overview for Configurations (06) (o7) 

Suppose Setting [?T4l and YT7j\ (see Remark 18.11 below for a comment on the constants po,piip2)- 
Recall that we have in each of these configurations sets Vq U V\ C *p > sets V2 U V3 C tyi and Vg 0od . 

A common embedding scheme for Configurations (o6)-(o7) is illustrated in Figure 18.21 The 
embedding has three parts. 

• The knags of T are embedded between Vq and V\ so that Wa is mapped to V\ and Wb is 
mapped to Vq using either the Preconfiguration (exp) or (reg) . Thus Wa U Wb ar mapped 
to C 

• The internal shrubs of T are embedded in V2 U V3, always putting neighbours of Wa into V2. 
Note that the internal shrubs are therefore embedded in *Pi, and thus there is no interference 
with embedding the knags. We need to understand why a mere degree of 5k (from V\ to 
V2, ensured by (|7.48|) and (|7.52p . with 6 <C 1) is sufficient for embedding internal shrubs of 
potentially big total order, that is, how to ensure that already embedded internal trees do 
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Main embedding lemma: Lemma 18,181 



ft 



ft 



fr 



Shrubs Sa 



(o2) 
(OS) 
(o4) 
(06) 



Lemma E 
Lemma 18.131 
Lemma 18. 141 
regularity 



Shrubs Sb (Stage 1): Lemma 18.171 Shrubs Sb (Stage 2): Lemma 18.161 



Table 8.1: Embedding lemmas employed for Configurations (o2)-(o5). 



internal shrubs 




end shrubs 



Figure 8.2: An overview of embedding a fine partition (Wa, Wb,Sa, Sb) of a tree T £ trees(fc) 
using Configurations (o6)-(o7). The knags are embedded between Vq and V\, the internal shrubs 
are embedded in V% U V3, and the end shrubs are embedded using V^ od . 



not cause a blockage later. Here the expansion 24 ! ruling between the V2 and V3 comes into 
play. This property (together with other properties of Preconfigurations (exp) and (reg)) 
will allow that, once finished embedding an internal tree, the follow-up knag can be embedded 
in a place (in Vi) which sees very little of the previously embedded internal shrubs. 

This is the only part of the embedding process which makes use of the specifics of Configu- 
rations (06) and (o7). For this reason we will be able to follow the same embedding scheme 
as presented here also for Configuration (08), the only difference being the embedding of the 
internal shrubs (see Section [8. 1 .3j) . 

• The end shrubs are embedded in the yet unoccupied part of G. For this we use the properties 
of Preconfigurations (^1) or (^2). The end shrubs are embedded using (but not entirely 
into) the designated vertex set KL od . 



24 This expansion is given by the presence of G exp in Configurations (06) (cf. (|7.50|) - (|7.51|l 'l. and by the presence 
of the avoiding set 21 in Configurations (o7) (V2 C 2l ri \ V). 
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Main embedding lemma: Lemma 18.231 



it 



Internal part 
(06), (o7): Lemma EH] 



it 


it 


Knags 




Internal shrubs 


(exp): Lemma I8T4"1 




(06): Lemma|8.11| 


(reg): Lemma 18.71 




(o7): Lemma |8.12| 




(08): Lemmas 18. 12118.81 1831 



it 



End shrubs 

(91) : Lemma EH] 

(92) : Lemma E22] 



Table 8.2: Embedding lemmas employed for Configurations (o6)-(o8) when embedding a tree 
T € trees(fc) with a given fine partition. 



The above embedding scheme is divided in two main steps: first the knags and the internal trees 
are embedded (see Lemma l8.19p . and this partial embedding is then extended to end shrubs (see 
Lemmas 18.211 and 18. 22 p . A more detailed hierarchy of the embedding lemmas which are used is 
given in Table [8T2l 

Remark 8.1. In our application of Lemma \7.34\ the number pi will be approximately the proportion 
of the total order of the internal shrubs of a given fine partition (Wa,Wb,Sa,Sb) of T while p2 
will be approximately the proportion of the total order of the end shrubs. The number po is just a 
small constant. 

These numbers - scaled up by k - determine the parameter h\ ~ pi A; (in Configurations (08) 
and (o9)) and hi ~ p2& (in Configurations (o6)-(o9)j. The properties of these configurations will 
then allow to embed all the internal shrubs and end shrubs. Note that the parameter hi does not 
appear in Configurations (06) and (o7) . This suggests that the total order of the internal shrubs is 
not at all important in Configurations (06) -(o7). Indeed, we would succeed even embedding a tree 
with internal shrubs of total order say lOOfcj 25 ! 

In view of this it might be tempting to think that the end shrubs in Sa could also be embedded 
using the same technique as the internal shrubs into the sets V2UV3 provided by these configurations 
(cf. Figure Uflfy . This is however not the case. Indeed, the minimum degree conditions (|7.48|) . (|7.52p . 
and (|7.56p allow embedding only a small number of shrubs from a single cut-vertex x S Wa while 
there may be many end shrubs attached to x; cf. Remark \3. 5fpT|) . 

8.1.3 Embedding overview for Configuration (08) 

Suppose Setting [7~il and [7.71 We are working with sets Vq, Vi, V^ od , V^VJj and V4 and with 
semiregular matching N coming from the configuration. 

25 Configuration (08) has this property only in part. We would succeed even embedding a tree with principal 
subshrubs of total order say lOOfc provided that the total order of peripheral subshrubs is somewhat smaller than h\. 
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The embedding scheme follows Table 18.21 and is illustrated in Figure 18.31 Embedding of the 

internal shrubs 
/ (principal subshrubs and some peripheral subshrubs) 




(remaining peripheral subshrubs) 

Figure 8.3: An overview of embedding a fine partition (Wa, Wb,Sa, Sb) of a tree T £ trees(fc) 
using Configuration (08). The knags are embedded between Vq and V\. The roots of the internal 
shrubs are embedded in V2. Some of the subshrubs of the internal shrubs are embedded in 
V3 U V4 and some in TV"; principal subshrubs are always embedded in V3 U V4. The end shrubs 
are embedded in using VJ ood . 

knags and of the external shrubs is done in the same way as in Configurations (06)— (o7). We only 
describe here the way the internal shrubs are embedded. Their roots are embedded in Vi. From that 
point we proceed embedding subshrub by subshrub. Some of the subshrubs get embedded between 
V3 and V4. This pair of sets has the same expansion property as the pair V2, V3 in Configuration (o7) . 
In particular, it allows to avoid the shadow of the already occupied set so that the follow-up knag 
can be embedded in location almost isolated from the previous images, similarly as described in 
Section 18.1.21 For this reason we make sure that principal subshrubs get embedded here. The 
degree condition from V2 to V3 is too weak to ensure that all remaining subshrubs are embedded 
between V3 and V4. Therefore we might have to embed some subshrubs in N . Condition (|7.62p 
- where h\ is approximately the order of the internal shrubs, as in Remark 18.11 — indicates that 
it should be possible to accommodate all the subshrubs. For technical reasons, the order in which 
different types of subshrubs are embedded is very important. 

8.1.4 Embedding overview for Configuration (o9) 

The embedding process in Configuration (o9) follows the same scheme as in Configurations (06)- 
(08), but the embedding of the internal shrubs follows the regularity method. Assuming the simplest 



113 



8.1 Overview of the embedding procedures 



situation T = V 2 {M) and V 2 = Vi(Af), we would have deg min Grcg (V\ , V\ (A/")) ^ h x (cf. ([7^5])). See 
Figure [531 for an illustration. Similarly as above, the knags are embedded between Vq and Vi. 




Figure 8.4: An overview of embedding a fine partition (Wa, Wb,Sa, Sb) of a tree T <E trees(fc) 
using Configuration (o9). The knags are embedded between Vq and v\, the internal shrubs using 
the regularity method in JV and the end shrubs are embedded using V^ od . 

The internal shrubs are accommodated using the regularity method in N , and the end shrubs are 
embedded in V^ od using Preconfiguration (^1). The embedding lemma for this configuration is 
given in Lemma 18.241 

8.1.5 Embedding overview for Configuration (olO) 

Configuration (olO) is very closely related to the structure obtained by Piguet and Stein [PS 12] 
in their solution of the dense approximate case of Conjecture 11.21 Let us describe their proof first. 
Piguet and Stein prove that when k > qn (for some fixed q > and k sufficiently large) the cluster 
graphic G reg of a graph G G LKS(n, k,rj) contains the following structure (cf. [PS121 Lemma 7]). 
There is a set of clusters L C V such that each cluster in L contains only vertices of captured 
degrees at least (l + ^)k. There is a matching M C G rcg , and an edge AB, with A, B G L. One of 
the following conditions is satisfied 

(HI) M covers N Greg ({A B}), or 

(H2) M covers NG rcg (^4), and the vertices in B have captured degrees at least (1 + 2)| into 
|J(L U V(M)). Further, each edge in M has at most one endvertex in NG reg (^4)- 

Piguet and Stein use structures (HI) and (H2) to embed any given tree T G trees(fe) into G using 
the regularity method; see Sections 3.6 and 3.7 in [PS12j . respectively. Actually, a slight relaxation 
of (HI) and (H2) would be sufficient for the embedding to work, as can be easily seen from their 
proof: Again, there is a set of clusters L C V such that each cluster in L contains only vertices of 
captured degrees at least (1 + %)k, there is a matching M C G reg , and an edge AB, A,B 6 L. One 
of the following conditions is satisfied 

26 ordinary, in the sense of the classic Regularity Lemma 
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(HI') the vertices in AUB have captured degrees at least (1 + 3)& into the vertices of [j(LL)V(M)), 
or 

(H2') the vertices in A have captured degrees at least (1 + into the vertices of [JV(M), and 
the vertices in B have captured degrees at least (1 + into U Further, each 

edge in M has at most one endvertex in NG reg (-<4.)- 

It can be seen that Configuration (olO) is a direct counterpart to (Hl')@ (The counterpart 
of (H2') is contained in Configuration (o9) and the similarity is somewhat weaker.) 

Therefore, we do not include a detailed proof of the embedding procedure in Configuration (olO), 
referring the reader to |PS12] . The embedding lemma is formally stated in Lemma 18.251 



8.2 Stochastic process Duplicate(^) 



Let us introduce a class of stochastic processes, which we call Duplicate(^) (I € N). These are 
discrete processes (Xi, Yi), (X2, Y2), • • • , (X g , Y q ) E {0, l} 2 (where q S N is arbitrary) satisfying the 
following. 

• For each i 6 [q], we have either 

(a) Xi = Yi = (deterministically), or 

(b) Xi = Yi = 1 (deterministically), or 

(c) exactly one of Xi and Yi is one, and in that case P[Xj = 1] = |. 

• If the distribution of (X^, Yj) is according to (jcj), then the random choice is made independently 
of the values (Xj,Yj) (j < i). 

• WehaveX^OXi + Fi)^. 

Needless to say that this definition is not deep and its purpose is only to adopt the language we 
shall be using later. The following lemma asserts that the first and second component of a process 
Duplicate^) are typically balanced. 

Lemma 8.2. Suppose that (X±, Y±), (X2, Yz), . . . , (X q , Y q ) is a process in Duplicate^). Then for 
any a > we have 

' q q / n 2 \ 

.i=i i=i 

Proof. We shall be using the following version of the Chernoff bound for sums of independent 
random variables Zi, with distribution ~P[Zi = 1] = P[Zj = — 1] 



l 

2 • 



y^Zj^ a 



i=i 



^ exp 



a 

~2n 



Observe that some parts of G rcg are irrelevant in the embedding process of [PS12| . The objects G reg , L, and M 
in the structural result of [PS 12] correspond to (G, V), C* , and A4 in Configuration (olO). 
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Let J C [q] be the set of all indices i with X{ + Yj = 1. By the definition of Duplicate(^), we 
have | J\ ^ £. By ((HHJ we have 



^ exp 



2\J\ 



□ 



We shall use the stochastic process Duplicate to guarantee that certain fixed vertex sets do not 
get overfilled during our tree embedding procedure. Duplicate is used in Lemmas 18.111 and 18.121 
through Lemma 18.101 



8.3 Embedding small trees 

When embedding the tree ^ JXlfl m our P ro °f °f Theorem 11.31 it will be important to control where 
different bits of ^t TQ] go- This motivates the following notation. Let Xi, . . . ,Xg C V(T) be 
arbitrary vertex sets of a tree T, and let V±, . . . ,Vg C V(G) be arbitrary vertex sets of a graph G. 
Then an embedding <\> : V(T) — > V{G) of T in G is an (X\ ^ V\,...,Xg Vg)- embedding if 
<j>{Xi) C Vi for each i G [£]■ 

We provide several sufficient conditions for embedding a small tree with additional constraints. 

The first lemma deals with embedding using an avoiding set. 

Lemma 8.3. Let A, k G N and let £,76 (0, i) with 7 2 > e. Suppose 21 is a (A, £,7, k)-avoiding set 
with respect to a set T> of (^yk^)- dense spots in a graph H. Suppose that (Ti,n), . - . , (Tg,rg) are 
rooted trees with | (J 4 T;| < 7*1/2. Lei U C mifft |J7| ^ A/c, and /ei 17* C 21 witfi |C/*| ^ ek + £. 

Then there are mutually disjoint (n > U* , F(Tj)\{rj} V{H)\U)- embedding s of the trees (Tj,rj) 
m i7. 

Proof. Since 21 is (A, e, 7, A;)-avoiding, there exists a set Y C 21 with |Y| e/s, such that each vertex 
i> in 21 \ Y" has degree at least jk into some (7A;, 7)-dense spot D £ V with |J7 n V(-D)| "f 2 k. 
In particular, U* \ Y is large enough so that we can embed all vertices ri there. We extend this 
embedding successively to an embedding of \J i Tj, in each step finding a suitable image in V(D) \ U 
for one neighbour of an already embedded vertex v G |J i This is possible since the image of 

v has degree at least jk - \U D V{D)\ > jk/2 ^ £V v ( T i) into V ( D ) \ u - n 

The next lemma deals with embedding a tree into a nowhere-dense graph, a primal example of 
which is the graph G exp . 

Lemma 8.4. Let k G N, let Q ^ 1 and let 7, C G (0,1) 6e suc/i that I28Q7 < C 2 - £ei H 
be a ('jk, 7) -nowhere- dense graph. Let (T±, ri), . . . , (Tg, rg) be rooted trees of total order less than 
(k/4. Let Vx,V 2 ,U,U* C V(H) be four sets with U* C V 1} \U\ < Qk, \U*\ > ^^k + £, and 
deg mm H (Vj,V3-j) ^ Qk for j = 1,2. Then there are mutually disjoint (ri <^-> U* ,V cvcn (Ti) 
V\ \ U, V Q dd(Ti) V2 \ U)-embeddings of the trees (Tj, rj) in H . 
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Proof. Set B := shadow// (U, (k/2). By Fact E2 we have \B\ < ^f^-k ^ \k. In particular, 
U* \ B is large enough to accommodate the images 0(r,) of all vertices rj. 

Successively, extend </>, in each step mapping a neighbour u of some already embedded vertex 
v € \J i V(Ti) to a yet unused neighbour of 4>{y) in \ {B U Z7), where j is either 1 or 2, depending 
on the parity of dist:r(r, v). This is possible as 4>(v), lying outside B, has at least (k/2 neighbours 
m.Vi\U. Thus (/>(t>) has at least neighbours in Fi\(f/UB), which is more than v(Ti). □ 

The next three standard lemmas deal with embedding trees in a regular or a super-regular pair. 
We omit their proofs. 

Lemma 8.5. Let e > and /3 > 2e. Let (C,D) be an e-regular pair in a graph H, with \C\ = 
\D\ =: I, and with density d(C, D) ^ 3/3. Suppose that there are sets X C C , Y C D, and X* C X 
satisfying min{|X|, |Y|} ^ 4^1 and \X*\ > Let (T,r) be a rooted tree of order v(T) ^ el. Then 
there exists an (r ^ X* ,V even (T) X, V 0( id(T) ^ Y)-embedding of T in H. 

Lemma 8.6. Let (3, e > and I G N be such that (3 > 2e. Let (C, D) be an e-regular pair with 
\C\ = \D\ = I of density d(C,D) ^ 3/3 in a graph H. Let (Ti, r\), (T2, V2), ■ ■ ■ , (T s , r s ) be rooted 
trees withv(Ti) ^ el for alii G [s]. LetU C V(H) fulfill \CC\U\ = \DC\U\, and let X* C (CUD)\U 
be such that 

s 

\ X *\ > ^2 v ( T i) + 50/3£ . (8.2) 
i=i 

Then there are mutually disjoint (rj X*, V(Ti) <—} (C U D) \ U)-embeddings of the trees (Tj,rj) 

Lemma 8.7. Let d > lOe > 0. Suppose that (A,B) forms an (e,d) -super-regular pair with 
\A\,\B\ ^ I. Let U A C A, U B Q B be such that \U A \ ^ \A\/2 and \U B \ ^ d\B\/4. Let (T,r) 
be a rooted tree of order at most dl/4, and let v G A \ U A be arbitrary. Then there exists an 
(r ^ v, V cven (T, r)^A\ U A , V odd (T, r)^B\ Ug)- embedding of T. 

Suppose that we we have a rooted tree (T, r) to be embedded, and its root was already 
on a vertex 4>(r). Suppose that r has degree lx + ly in a regular pair (X, Y), where lx '■= 
deg(</)(r), X), iy := deg(</>(r), Y), with lx ^ Iy, say. The hope is that we can embed T in (X, Y) 
as long as v(T) is a bit smaller than lx + ly- For this, the greedy strategy does not work (see 
Figure 18. 5p and we need to be somewhat more careful. We split the embedding process into two 
stages. In the first stage we choose a subset of the components of T — r of total order approximately 
2min (ixily) = 2ly . When embedding these, we choose orientations of each component in such 
a way that the image is approximately balanced with respect to X and Y. In the second stage we 
embed the remaining components so that their roots are embedded in X. We refer to the first stage 
as embedding in an balanced way, and as embedding in an unbalanced way to the second stage. 

The next lemma says that each regular pair can be filled-up in a balanced way by trees. 
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Figure 8.5: An example of a rooted tree (T, r), depicted on the left. The forest T — r has three 
components (I), (II), (III) of total order 12. Say the vertex r is embedded so that for the regular 
pair (X,Y) we have deg(</>(r), X) = 8, deg((f>(r),Y) = 4 (neighbourhoods of <p(r) hatched). 
While the greedy strategy does not work (middle), splitting the process into a balanced and an 
unbalanced stage (right) does — here the components (I) and (II) are embedded in the balanced 
stage and the component (III) in the unbalanced stage. 

Lemma 8.8. Let G be a graph, v £ V(G) be a vertex, M be an (e,d,iyk)-semiregular matching in 
G, and {fcD}(c,D)£M a family of integers between —rk and rk. Suppose (T,r) is a rooted tree, 

with the property that each component ofT — r has order at most rk. IfV(A4) C Nq(v) then there 
exists an (r v,V(T — r) V(M))- embedding <f> of T such that for each (C,D) € M we have 

|cn0(T)| + f CD = \Dn<j)(T)\±Tk. 

The proof of Lemma 18.81 is standard, and is given for example in |HP1 Lemma 6.6]. 

Lemma 18.81 suggests the following definitions. The discrepancy of a set X with respect to a 
pair of sets (C, D) is the number |C fl X\ — \D fl X\. X is s-balanced with respect to a semiregular 
matching M if the discrepancy of X with respect to each (C, D) € M is at most s in absolute 
value. 

Lemma 8.9. Let G be a graph, v S V(G) be a vertex, A4 be an (e,d,vk)-semiregular matching in 
G with an M-cover T , and U C V(G). Suppose (T, r) is a rooted tree with 

v(T) + \U\ ^ deg G (v,V(M) \\Jjf) - ^j^-\V(M)\ , 

such that each component ofT — r has order at most rk. Then there exists an (r v, V(T — r) 
l/(Ai) \ U)- embedding 4>ofT. 

The proof of Lemma 18.91 is again standard and we again omit it. 

The following lemma uses a probabilistic technique to embed a shrub while reserving a set of 
vertices in the host graph for later use. We wish the reserved set to use about as much space inside 
certain given sets Pi as the image of our shrub does. (In later applications the sets Pi correspond 
to neighbourhoods of vertices which are still 'active'.) 
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Lemma [8.101 will find an immediate application in all the remaining lemmas of this subsection. 
However it is really necessary only for Lemmas I8.111[8TT2"| which deal with embedding shrubs in 
the presence of one of the Configurations (o6)-(o8) . For Lemmas 18.131 and I8.14[ which are for 
Configurations (o3) and (o4) a simpler auxiliary lemma (without reservations) would suffice. 

Lemma 8.10. Let H be a graph, let X*, X u X 2 , Pi, P 2 , . . . , Pl Q V{H), and let (T^n), 
(Ti,rg) be rooted trees, such that L ^ k, \Pj\ ^ k for each j G [L], and \X*\ ^ 11. Suppose that 
deg miQ (X 1 UX*,X 2 ) ^ 2D«(Ti) anddeg min (X 2 ,X 1 ) > 2^v{Ti). 

Then there exist pairwise disjoint (r, X* , 14 ven (Tj, n) \ {r^} X\, V dd(Ti, rj) X 2 )-em- 
beddings (pi ofTi in G and a set C C [X\ U X 2 ) \ |J 4>i(Ti) of size ^ v(Ti) such that for each j G [L] 
we have 



Proof. Let m := v {Pi)- 

We construct pairwise disjoint random (rj <— > X*, 14 ve n(Ti, rj) \ {r,/} <— > Xi, Vodd(7i, ^ -X2)- 
embeddings <fo and a set C C V(H) \ (J <fo(Tj) which satisfies (|8.3p with positive probability. Then 
the statement follows. 

Enumerate the vertices of (J Tj as (J U(Tj) = {i>i, . . . , v m } such that Uj = rj for i = 1, . . . , £, and 
such that for each j > £ we have that the parent of Vj lies is the set {v±, . . . ,Vj-i}. Pick pairwise 
disjoint sets A\, . . . , An C X* of size two. Uniformly at random denote one element of Aj as Xj and 
the other as yj. 

Now, successively for i = i + 1, . . . , m, we shall define vertices Xi and yi. Let r denote the root 
of the tree in which Vi lies, and let v s = Par(fj). We shall choose Xi,yj G Xj i where ji = dist(r, Vi) 
mod 2 + 1. In step i, proceed as follows. Since x s G Xj s (or since x s G X*), we have 



Hence, we may take an arbitrary subset Ai C (N(x s ) Pl XjJ \ U/Kil^/u Vh} of s i ze exactly two. As 
above, randomly label its elements as X{ and yi independently of all other choices. 



l {lig p i} and Y> 3 > = l{y iePj }. Note that 6^ G Duplicate(|.P,-|) C Duplicate^). Thus, for a fixed 
j G [L], by LemmaEZl the probability that \Pj n{{J M T i))\ > \PjnC\+k 3 / 4 is at most exp(-y/k/2). 
Using the union bound over all j G [L] we get that Property 18.51 holds with probability at least 




(8.3) 




h<i 





This finishes the proof. 



□ 



We now get to the first application of Lemma 18.101 
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Lemma 8.11. Assume we are in Setting \U\ Suppose that the sets V2, V3 are such that for j = 2,3 
we have 

deg mi V^5-i) >8k, (8.4) 
where 5 > 300/fc, and H is a (7^,7) -nowhere dense graph. Suppose that U,U* , P\, P2, ■ ■ ■ , Pl - 
V(G), and L < fe, are suc/« i/iat |P| < 247^ U * - V z> \ U *\ Z k > and \ P i\ ^ k f or each 3 G l L ]- 
Let (T,r) be a rooted tree of order at most Sk/8. 

Then there exists a (r <— >■ U*, V C vcn(T, r) \ {r} <— > V2 \ U, V 0( ±d(T, r) V3 \ U) -embedding 4>ofT 
in G and a set C C (V2 U V3) \ (U U 4>(T)) of size v(T) such that for each j G [L] we have 

l^-n^r)! < |Pj-nC| + fc 3/4 . (8.5) 

Proo/. Set P := shadow Gcxp (P, 5k/ A). By FactE21 we have that \B\ < 64^(2^)^ < f fc- 2. In 
particular, X* :=U*\B has size at least 2. Set X x := V2 \ (C/ U 5) and set X 2 := V3 \ (17 U P). 
Using ([ggD , we find that 

deg min Gcxp (^,X 3 _,) >bk- deg max Gcxp (A„ 17) - |P| >6k- S -k- S -k> 2v(T) 

for j = 1, 2. We may thus apply Lemma [8. 101 to obtain the desired embedding cf) and the set C. □ 

Lemma 8.12. Assume Setting \TJ\ o-nd Setting {777\ Suppose that we are given sets Y\, Y2 C tyi \ V 
with Y\ C 21, and 

(ij deg max Gp (y 1 ,^ 1 \y 2 ) < and 

(n) de g min Gl ,(y 2 ,y 1 ) 

Suppose that U, U*, Pi, P 2 , . . . , Pl C F(G) are sets siic/i toot \U\ < ^-fc, P* C Y 1; wrfft 
|P*| ^ \Pj\ ^ /or eac/i j G [7], and L ^ k. Suppose (Tx,r{), . . . , (Tg,re) are rooted trees of 
total order at most oTc/lOOO. Suppose further that 5 < nj/100, e' < 5/1000, and k > 1000/5. 

Then there exist pairwise disjoint (r, U* ,V eveQ (Ti,ri) Y\ \ U,V dd(Ti,ri) <— >■ Y2 \ ^-em- 
beddings 4>i of Ti in G and a set C C V{G — \J<fii(Ti)) of size ^2v(Ti) such that for each j G [L] 
we have that 

\Pj n \J<k(Ti)\ < \Pj n c| + fc 3/4 . (8.6) 

Proo/. Set P' := shadow^ (U,6k/2)\JU. By Fact ED we have |P'| SC Afc. As Yi is a (A, e', 7, fc)- 
avoiding set, by Definition 14.61 there exists a set B C Yi, |P| e'fc such that for all v G Y\ \B there 
exists a dense spot P.^, G T> with « G V(7J)„) and \V(D V ) n 17' | ?S 7 2 /c. As Y"i is disjoint from V, 
by Definition ESHU and by ([7I5]> . we have that deg^ («, F(P>„) ri ) ^ ^fc. By (0), we have that 
deg Gl >, V(P>„) ri \ y 2) < agfcfc, and hence, 

Thus, 

deg min Gl , (Y"i \ P, y 2 \ (P' U5))>^- £ 'fc^2^ W (r 4 ) . (8.7) 
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Further, by the definition of U' and by ([n|), we have 

8k * 

deg min Gc (Y 2 \U',Y 1 \(UUB))> Y -s'k>2 y £v(T i ). (8.8) 

Set X* := U* \ B, and note that \X*\ ^ 5k/ A - e'k ^ 21 Set X x := Y x \ (U U £) and 
X2 := Y2 \ (f' U B). Inequalities (|8.7p and (|8.8|) guarantee that we may apply Lemma [8.101 to 
obtain the desired embeddings 4>i. □ 

Lemma 8.13. Assume Setting \7.4\ Suppose that the sets L', L" , , ty" , V\, V 2 witness Config- 
uration (o3) (0,0, 7/4, 6). Suppose that U,U* C V(G) are sets such that \U\ ^ k, U* C V\, 
\U*\ ^ jk. Suppose (T,r) is a rooted tree of order at most 5k/ 1000. Suppose further that 5 ^7/100, 
e' < 5/1000, and Att*/5 A. 

Then there is an (r ^ U* , V cvcn (T, r) \ {r} <^Vi\U, V odd (T, r)^V 2 \ U)-embedding ofT in G. 

Proof. The proof of this lemma is very similar to the one of Lemma 18.121 (in fact, even easier). Set 
U' := shadow^ (U,5k/2) U U and note that \U'\ < Ak by Fact ED As V\ is (A, e', 7, /c)-avoiding, 
by Definition 14.61 there is a set B C V\, \B\ ^ e'k such that for all v £Vi \B there exists a dense spot 
D v £ V with deg Dv (v, V(D V ) \ U') ^ jk/2. By ([LSI]), we know that deg Gl) (v, V(D V ) \ V 2 ) < 7&/4, 
and hence, deg Gc (v, (V(D V ) n V2) \ C/') > 7*/4. Thus, 

deg min Gc (Fi \B,V 2 \U')>^> 2v(T) . (8.9) 
Further, by the definition of V and by (|7.32|) . we have 

5k 

deg mm GT ,(V 2 \ U ',V 1 \U)>-> 2(T) . (8.10) 

Set X* := U* \ B, and note that \X*\ ^ 5k/ A - e'k ^ 2. Set Aq := V x \ (U U B) and 
A2 := V2 \ (V U -B). Inequalities (18. 9p and fj8. lOf) guarantee that we may apply Lemma 18.101 (with 
empty sets Pi) to obtain the desired embedding (f>. □ 

Lemma 8.14. Assume Setting [7^1 Suppose that the sets L', L", Tq, 21', V2 witness Con- 

figuration (o4)(0, 0, 7/4, 5). Suppose that U C V(G), J7* C Iq are sete suc/i £/ia£ |£/| and 
1^*1 ^ f^- Suppose (T,r) is a rooted tree of order at most 5k/20 with a fruit r' . Suppose further 
that Ae' < 5 < 7/IOO, and A ^ 300(^f) 3 . 

T/ien i/iere exists an (r ^U*,r' ^Vi\ U, V(T) \ {r, r'} ^ (21' U V 2 ) \ U)-embedding ofT in G. 

Proof. Set 

U' := U U shadow Gv _*([/, <5&/4) U shadowg^_^([7, $Jfe/4) 

and let 

U" := U U shadow Gl> (U', 5k /2). 

We use Fact O to see that \U'\ ^ 4^-A/c and |J7"| ^ Ak. We then use Definition |M] and (f7736l) to 
find a set B C 21' of size at most e'/c such that 



deg min Gl ,(2l / \B,V 2 \ U") > 2v(T) . (8.11) 
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Using (|8.1ip , and employing (|7,33p and (17.35)) , we see that we may apply Lemma 18.101 with 
KM!® := C7 *' X i.>ll8TT0l : = \ (B U [/') and X^tfgj® := F 2 \ f7" (and with empty sets P<) in 
order to embed the tree T — T(r, f r') rooted at r. Then embed T(r, f r'), by applying Lemma [8.101 
a second time, using (|7.33p and (|7.34[) . □ 

8.4 Main embedding lemmas 

For this section, we need to introduce the notion of a ghost. Given a semiregular matching N , 
we call an involution U : V{N) — > V{M) with the property that fl(S') = T for each (S,T) EjVa 
matching involution. 

Assume Setting T7.4I and fix a matching involution b for Ma UjMb. For any set U C V(G) we 
then define by 

ghost (tf) := UU b{U C\V{M A UM B )) ■ 

Clearly, we have that |ghost({7)| < 2\U\, and | ghost ([/) n S\ = | ghost ([/) n T\ for each (S,T) G 
Ma^Mb- 

The notion of ghost extends to other semiregular matchings. If AA is a semiregular matching 
and D a matching involution for Af then we write ghost ({7) := U U d[U n V(A/")) . 

8.4.1 Embedding in Configuration (ol) 

This subsection contains an easy observation that trees(A;) C G in case G contains Configura- 
tion (ol). 

Lemma 8.15. Let G be a graph, and let A,B C F(G) 6e swc/i that deg min (G[A, B\) ^ fe/2, and 
deg min (A) ^ fc. TTien trees(A;) C G. 

Proof. Let T £ trees(fc) have colour classes X and V, with |X| ^ fc/2 ^ |Y"|. By Fact 12.1 1 for the 
set W of those leaves of T that lie in X, we have \X \ W\ ^ k/2. We embed T — W greedily in G, 
mapping Y to A and A \ W to £>. We then embed W using the fact that deg mm (A) ^ k. □ 

8.4.2 Embedding in Configurations (o2)— (o5) 

In this section we show how to embed T^r jy^j in the presence of configurations (o2)-(o5). As 
outlined in Section 18.1.11 our main embedding lemma, Lemma 18.181 builds on Lemma 18.171 which 
handles Stage 1 of the embedding, and Lemma 18.161 which handles Stage 2. 

Lemma 8.16. Assume we are in Setting \7.4\ Suppose L",L' and witness Preconfiguration 
(*)(i^p-). Let (T, r) be a rooted tree of order at most rfvkjb. Let U C V(G) with \U\+v(T) < k, 
and let f £ \ [/. Then there exists an (r v, V(T) V(G) \ U)-embedding of (T, r). 

Proof. We proceed by induction on the order of T. The base v(T) ^ 2 obviously holds. Let us 
assume Lemma 18.161 is true for all trees T' with v(T') < v(T). 
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Let U x := shadow Gv ([/ - 7^/200), and U 2 := \J{C G V : \C D U\ ^ \\C\}. We have 
\Ui\ < ™^r k by Fact [7^1 and \U 2 \ < 2|£/|. Set 



Lai := L" n shadow Gv (2l, 

5U 

Lq, := L" n shadow Gv ( *, \U fl *| + ^j— 1 , and 



50 

L v := L" n shadow Grcg (V(G rcg ), (1 + ^)fc - \U n *| 
Observe that Lv C (J V and that since L" C L^^ fc(GV) \*, we have 

L" C F (G CX p) U 21 U L* U L a U L v ■ 

As by (fT50]> . we have deg G (w, L") ^ ±2!!jp= > 5(|Z7 U U x U U 3 | + + rjk), one of the following 
five cases must occur. 

Case I: deg G (v, ^(G exp ) \ U) > v(T) + rjk. Lemma EH gives an embedding of the forest T—r (whose 
components are rooted at neighbours of r). The input sets/parameters of Lemma [8. 41 are Q[>t J8741 := 

Case II: deg G (t>, 21 \ U) > u(T) + r/A;. Lemma 18.31 gives an embedding of the forest T — r (whose 
components are rooted at neighbours of r). The input sets/parameters of Lemma [8.31 are ^j jgjj] := 
(N G (v) n 21) \ U, L^j jg^] := U and e l>I [g^3] := e' ^ rj. Here, and below, we tacitly implicitly assume 
parameters of the same name to be the same, i.e. 7 > t ]8T3"1 := 7- 

Case III: deg G (v,L% \ (U U U\)) > v(T) + rjk. We only outline the strategy. Embed the children 
of r in Lai\ (U U U±) using a map 4> ■ Ch^(r) — > Lai \ (UUUi). By definition of L^, and t/i, we have 
deg G (4>(w), 21 \ U) > for each id G Ch^(r). Now, for every iu G Ch^(r) we can proceed as in 
Case II to extend this embedding to the rooted tree (T(r, f w),w). That is, Case III is "Case II 
with an extra step in the beginning" . 

Case IV: deg G (v, Lq, \ U) > v(T) + rjk. We embed the children Ch^(r) of r in distinct vertices of 
Lq, \ U. This is possible by the assumption of Case IV. 

Now, CCMD implies that deg min Gv (L*, > \U n *| + Consequently, deg min Gv (L*, \ 
U) ^ jjjg. Therefore, for each w G Ch^(r) embedded in Lq,\U we can find an embedding of Chf(u;) 
in SI/' \ £7 such that the images of grandchildren of r are disjoint. We fix such an embedding. We 
can now apply induction. More specifically, for each grandchild u of r we embed the rooted tree 
(T(r, f u),u) using Lemma [8.161 (employing induction) using the updated set U, to which the 
images of the newly embedded vertices were added. 

Case V: deg G (t>, Lv \ (U U \JU\ U U2)) ^ v{T). Let u\, . . . , ui be the children of r. Let us consider 
arbitrary distinct neighbours x\, . . . ,X£ G Lv \ (U U U± U C/2) of v. Let Tj := T(r, f u{). We 
sequentially embed the rooted trees (Tj,Uj), i = 1, ...,£, writing <ft for the embedding. In step 
i, consider the set W% := (iJ U Uj^j \ Let D,j G V be the cluster containing Xj. By 

definition of Lv and of C7i, 

deg^^GW) \ Wi) > f - ^ > ^ • 
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Fact 14.111 yields a cluster d G V such that 

deg G ,„(*,.C, \ W t ) > JL . > ^ + „ (T) > ^ + „ (T) . 

In particular there is at least one edge from E(G reg ) between Cj and A> and therefore, (Cj, A) 
forms an e'-regular pair of density at least 7 2 in G rC g . Map to x% and let F\ , . . . , -F m be the 
components of the forest Tj — Uj. We now sequentially embed the trees Fj in the pair (A 5 Cj) 
using Lemma ESI with X^jgjg := Q \ (WJ U \J q<j (j)(F q )), := N GrcR ( Xi , X >J g^ , := 

A \ (Wi U {a*} U U g<i e >ra := e' , and /3 >lEa := 7 2 /3. □ 

We are now ready for the lemma that will handle Stage 1 in configurations (o2)-(o5). 

Lemma 8.17. Assume we are in Setting \7-4\ with L",L',ty' witnessing in G. Let U C 

V{G) \ and let (T,r) be a rooted tree with v(T) k/2 and \U\ + v(T) k. Suppose that each 
component ofT — r has order at mostrk. Let x G {L" nYM)\\J 2 i=Q shadow^ (ghost (?7), nk/1000). 

Then there is a subtree T' ofT with r G V(T') which has an (r x, V(T') \ {r} ^ V(G) \ *)- 
embedding <f>. Further, the components of T — T' can be partitioned into two (possibly empty) sets 
C\, C2, such that the following two assertions hold. 

(a) Ifd^Hi, ^endeg^^^CPar^OJCi))),*') >k + ^-v(T'), 

(b) Par(F(UC 2 )) C {r}, and deg Gv (x, > f + $L - v(T> U\Jd). 

Proof. Let C be the set of all components of T — r. We start by defining 62- Then, we have to 
distribute T — IJC2 between T 1 and C\. First, we find a set Cm Q C\C-2 which fits into the matching 
Ma UA^b (and thus will form part of T"). Then, we consider the remaining components of C \ Ci'- 
some of these will be embedded entirely, of others we only embed the root, and leave the rest for 
C\. Everything embedded will become a part of T' . 

Throughout the proof we write shadow for shadow^ . 

Set Vg 00 d := Vg 00 d \ shadow (ghost (U), jq^q), and choose C C C such that 

deg Gv (x, Vgood) - 3Q < }2 V (S) < max j 0, deg Gy (x, V good ) - — \ . (8.12) 

sec 

Set C2 '■= C \ C. Note that this choice clearly satisfies the first part of (jb|). Let us now verify the 
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second part of (jb]). For this, we calculate 

deg Gv (x,*') > deg Gv (x,y+ \L # ) -deg Gv (x,shadow(ghost(C7), j^)) 

- deg Gv (x,V + \ (L # Ushadow(ghost(C7), ^) U *)) 
-deg Gv (x,*\*') 

fk r]k\ rjk I rjk \ rjk 

(by CUD, 1 ft shadow< 2 >(ghost([/), tSSjO, EH) > (£38)) ^ I — + 



> 




2 20 / 1000 I ^ v ' 30 100 



SeC 

^_ u( T'ul JCi) + ^, 
2 v u ' 100' 

as desired for (jb|). 
Now, set 

:= {(Xi,X 2 ) GMiU^s : deg G2 ,(x,(XiUX 2 )\2t) > 0} . (8.13) 
Claim 8.17.1. We have \V(M)\ «S ^^fc. 



Proo/ of Claim \8. 17.1] Indeed, let pfi,X 2 ) G 7W, i.e. (Xi,X 2 ) G M A UM B with deg Gc (x, (Jfi U 
X 2 ) \2l) > 0. Then, using Property d]of Setting [?T4"1 we see that there exists a cluster C(x 1 ,x 2 ) e V 
such that deg Gc (x, C(x l5 x 2 )) > 0' an d either X\ C C(x l5 x 2 ) or -^2 C Cp^^)- I n particular, there 
exists a dense spot (A( Xl ,x 2 ), -B(Xi,X 2 ); -F(Xi,x 2 )) G £> such that x G A (Xl ,x 2 ), and Xi C B( Xu x 2 ) 
or X 2 C fi(Xi,x a )- By Fact I4.4( there are at most ^- such dense spots, let Z denote the union 
of all vertices contained in these spots. Fact 14.31 implies that \Z\ ^ 7 ^ ^- Thus |V(.M)| ^ 
2|V(.M) nZ| < 2\Z\ < □ 

First we shall embed as many components from C as possible in Ai. To this end, consider an 
inclusion-maximal subset Cm of C with 

£ v(S) < deg Gv (x,F(^)) - i . (8.14) 
SeC M 

We aim to utilize the degree of x to V(A4) to embed Cm m V(M) using the regularity method. 

Remark 8.17.2. This remark (which may as well be skipped at a first reading) is aimed at those 
readers that are wondering about a seeming inconsistency of the defining formulas f|8. 13j) for Ai, 
and (|8.14p for Cm- That is, (|8.13p involves the degree in Gt> and excludes the set 21, while (|8.14|) 
involves the degree in Gy- The setting in (|8.13j) was chosen so that it allows us to control the size 
of Ai in Claim 18.17. 1\ crucially relying on Property d] of Setting 17.41 Such a control is necessary 
to make the regularity method work. Indeed, in each regular pair there may be a small number 
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of atypical verticecfl, and we must avoid these vertices when embedding the components by the 
regularity method. Thus without the control on \M\ it might happen that the degree of x is 
unusable because x sees very small numbers of atypical vertices in an enormous number of sets 
corresponding to .M-vertices. On the other hand, the edges x sends to 21 can be utilized by other 
techniques in later stages. Once we have defined Ai we want to use the full degree to V(A4) to 
ensure we can embed the shrubs as balanced as possible into the .M-edges. This is necessary as 
otherwise part of the degree of x might be unusable for embedding, e.g. because it might go to 
.M-vertices whose partners are already full. 

For each (C, D) £ M. we choose Ccd Q Cm maximal such that 

£ v(S)^deg Gv (x,(CUD)\ghost(U))-(^f\C\, (8.15) 

S&Ccd 

and further, we require Ccd to be disjoint from families Cc'D' defined in previous steps. We claim 
that {Ccd}(c,d)£M forms a partition of Cm, i-e., all the elements of Cm are used. Indeed, otherwise, 
by the maximality of Ccd and since the components of T — r have size at most rk, we obtain 



v(S) > deg Gv (x, (C U D) \ ghost(LO) - i^f\ C \ ~ Tk 

seCco 

? deg Gv (x, (CUD)\ ghost(C/)) - 2(^) 3 |C| , 
for each (C,D) € Ai. Then we have 

E »w > E E 

S&Cm (C,D)£M S&Ccd 

(by™ ^ (deg Gv (x,(CU J D)\ghost(C/))-2(^ r ) 3 |C|) 

(C,D)eM 

(by Claim UTTT] and Fact [HJ ^ deg GxJ {x ,V {M) \ gllOSt(C/)) — ^i^)^ ' 2 ^ 

(as x £ shadow(ghost((7))) ^ deg Gv (x , V (Ai)) 



3.16) 



1000 

(by EH)) ^ v(S) , 

sec M 

a contradiction. 

We use Lemma 18.61 to embed the components of Ccd in (CUD)\ ghost (C/) with the following 
setting: C >lES ] == C, D^ft := D, £/ >lE g] := ghost (CO, := (N Gv (x) n(CU D)) \ 

and (Ti,Ti) are the rooted trees from Ccd with the roots being the neighbours of r. The constants 
in Lemma [8761 are e t>I [g^g] := e' , /^ jg^j := v / e', and ^ jg^g] := |C| ^ wfe. The rooted trees in Ccd are 
smaller than £ > ijgjg]^ > i[gjg]by (j7.3j) . Condition (|8.2j) is satisfied by (I8.15p . and since (7/O*) 3 ^ SOVi 7 . 



28 The issue of atypicality itself could be avoided by preprocessing each pair (S,T) of Ma U Mb and making it 
super-regular. However this is not possible for atypicality with respect to a given (but unknown in advance) subpair 
(S',T'). 
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It remains to deal with the components C \ Cm- I n the sequel we shall assume that C \ Cm 7^ 
(otherwise skip this step and go directly to the definition of T' and C±, with p = 0). Thus, by our 
choice of Cm, we have 

£ v(S) > deg Gv (x,V(M)) - ^ . (8.17) 
s&c M 

Let Ti,T 2 , .. .,T p be the trees of C \ C M rooted at the vertices r { G Ch(r) n F(Tj). We shall 
sequentially extend our embedding of Cm to subtrees T- C Tj. Let C/j C V(G) be the union of the 
images of (J Cm U {r} and of T{, . . . , T/ under this embedding. 

Suppose that we have embedded the trees T{, . . . ,T[ for some i = 0, 1, . . . ,p— 1. We claim that 
at least one of the following holds. 

(VI) deg Gv (x, V(G cxp ) \ (U U 17*)) > ife, 
(V2) deg Gv (x,2t\([/UC/ i ))^T^o,or 

(V3) deg Gv (x,L / \(y(G CX p)U2tU^UC/ l Ushadow(ghost([/), T 2^))) > 

Indeed, suppose that none of (V1)-(V3) holds. Then, first note that since U C ghost (£/) and 
since x ^ shadow(ghost([7), rjk/1000), we have 

deg Gv (x,U) < ??A;/1000. (8.18) 
deg Gc (x, V(M a U M B )) < deg Gc (x, F(Ai) U 21). (8.19) 

7]k 



Also, 



Thus, 



de gG v x > ^good \ shadow (ghost (U), 



1000 



(by J8T81 and jsTTol ■ dcf of V good ) 



< deg Gv ( x, U V(G cxp ) U 21 U U) \ (U U shadow(ghost(C7) 



1000 



(by E3o)) 



+ deg Gv (x, L^ )fc (G v ) \ (* U L')) + ^ 
< deg Gv fx, (y(G exp ) U a U L') \ (V(M) UUU shadow(ghost(C7), -^-)) 



+ deg Gv7 (x, V(M)) + ^ + 

&Gvl ' v n 100 1000 



v - . >. - 77 -qk -qk 

(by -,(V1). -.(V2), -.fV3). by i8T71 ) ^3" h> 7j(7) + > f ( «S ) H 1 1 

1000 ^ v 3> f-f v ; 900 100 1000 

j=i sec M 

rjk 



<E^) + 40 ' 

sec 



a contradiction to (|8.12p . 
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In cases (V1)-(V2) we shall embed the entire tree T t ' +1 := Tj+i. In case (V3) we either embed 
the entire tree T' i+1 := Tj+ij or embed only one vertex 1 := r^i (that will only happen in case 
(V3c)). In the latter case, we keep track of the components of Tj+i — rj + i in the set Ci,j+i (we 
tacitly assume we set Ci,i+i := in all cases other than (V3c)). The union of the sets Cn will 
later form the set C±. Let us go through our three cases in detail. 

In case (VI) we embed Tj + i rooted at rj+i using Lemma I&41 for one tree (i.e. 4>ij83] := -0 w hh 
the following sets/parameters: i? >T Jg^| := G cxp , ?7 >r Jg^] := *7 U E/j, L^jg-^j := N Gv (x) n (V(G cxp ) \ 
(UUUi)), Vi = V 2 := V(G cxp ), Q >I |Q:= 1, C>ilQ:= P, and 7>i|Q== 7- Note that |C7 U t/i| < k, 
that |N Gv (x) n {V{G cxp ) \ (UUUi))\ > qfc/1000 > 32 7 fc/p + 1, that u(T m ) < rfc < and that 
1287 < P 2 - 

In case (V2) we embed Tj + i rooted at rj + i using Lemma 18.31 for one tree (i.e. ^ >I [g^3] := 1) 
with the following setting: F >lE2] := G - *, 2l >lE3 ] := 21, C/ >rE3 ] := 17 U U u U*^ := N Gv (x) D 
(pL\(UU Ui)), A >lE 3] := A, %] ^ := 7 , := e' . Note that \U U U t \ ^ k < Ak, that 

|Ng v (x) n (QL\(U\JUi))\ ^ r^/lOOO > 2e'fc, and that v{T i+1 ) ^ rk < 7/5/2. 

We commence case (V3) with an auxiliary claim. 
Claim 8.17.3. There exists Co 6 V such that 

deg Gc (x, (Co n L') \ (V(G cxp ) U[/U^U shadow(ghost([/), ^L))) ^ -^c . 

Proo/ 0/ Claim \8.17.3\ Observe that L'\ (F(G exp )U2lU*U£AJ[/"i) C U V and that (since x G U v ) 

^ Gv [x,L / \(y(G cxp )U2lUf/UC/ i Ushadow(ghost(C/), I ^))] C £(G C ) . 

By Fact I4.1H there are at most k clusters C € V such that deg Gl> (x,C) > 0. Using the 

assumption (V3), there exists a cluster Co £ V such that 

77/0 \ rjk 7 2 c 



degcx, U (Co n ti) \ (V{G cxp ) U U U £/; U shadow(ghost(C7), ^))) > 



1000 2(tt*) 2 k 



El e ' 

> — c, 

7 2 

as desired. □ 

Let us take a cluster Co from Claim 18.17.31 We embed the root rj+i of Tj+i in an arbitrary 
neighbour y of x in (C n Z/) \ {V(G cxp ) UC/U^U shadow (ghost (t/), ^)). 

Let H C G be the subgraph of G consisting of all edges in dense spots T>, and all edges incident 
with Vl/'. As by (I7.28h . y has at most nk/WO neighbours in \I/ \ , and since y € L' C L 9r? / 10 .fc(Gv) 
and y ^ shadow({7, jog), we find that 

deg„ (y, V(G) \ ((U U U,) U (* \ *'))) > (l + ^ k - - ^ - ^ 

>*-|fil + y • 

Therefore, one of the three following subcases must occur. (Recall that y 21 as y G Co G V.) 
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(V3a) deg Gv (y,S2l\(Cru^))>f, 

(V3b) deg Grcg (y,UV\(C/U^))^f,or 

(V3c) deg Gv (y,*')^A:-|C/ J | + f . 

In case (V3a) we embed the components of Tj + i — r^+i (as trees rooted at the children of rj+i) 
using the same technique as in case (V2), with Lemma 18.31 

In (V3b) we embed the components of Tj+i — rj+i (as trees rooted at the children of rj+i). By 
Fact 14.111 there exists a cluster D £ V such that 

D \ (17 UD»)>£ -^>£«. (8.20) 

We use Lemma [83] with input := e', /3 >x jg3] := 7 2 , C >I |g3| := I?, £> >r J53] := C o, ^jJQ = 

-^>i l8"31 '■= D \ (U U Ui) and l^ jg^j := Co \ (J7 U Ui U {y}) to embed the tree Tj+i into the pair 
(Co, D), by embedding the components of Tj+i — r^+i one after the other. The numerical conditions 
of Lemma 18.51 hold because of Claim (|8.17.3p and because of (|8.20j) . 

In case (V3c) we set T/ +1 := r»+i and define Ci,i+i as set of all components of Tj+i — ri + \. 
Then 0(Par(UC 1|i+ i) D F(I^ +1 )) = {y} and 

deg Gv (y,*')^^-|^l + y ■ (8-21) 

When all the trees T±, . . . , T p are processed, we define T' := {r} U |J Cm U Uf=i ^Ij an d set 
C\ := Uf=i^i,i- Thus also (jaj) is satisfied by (|8.2ip for i = p, since \T'\ = \U P \. This finishes the 
proof of the lemma. □ 

It turns out that our techniques for embedding a tree T G trees(fe) for Configurations (o2)-(o5) 
are very similar. In Lemma 18.181 below we resolve these tasks at once. The proof of Lemma 18.181 
follows the same basic strategy for each of the configurations (o2)-(o5) and deviates only in the 
elementary procedures of embedding shrubs of T. 

Lemma 8.18. Suppose that we are in Setting \7Ji\ and one of the following configurations can be 
found in G: 

a) Configuration (o2) ((ft*) 2 , 5(ft*) 9 , p 3 ), 

b) Configuration (o3) ((ft*) 2 , 5(ft*) 9 , 7 /2, 7 3 /100) , 

c) Configuration (o4) ((ft*) 2 , 5(ft*) 9 , 7 /2, 7 4 /T00) , or 

d) Configuration (o5) ((ft*) 2 , 5(ft*) 9 , e' , 2/(ft*) 3 , ) , 

Let (T,r) be a rooted tree of order k with a (rk)-fine partition (Wa,Wb,Sa,Sb)- Then T C G. 
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Proof. First observe that each of the configurations given by a)-d) contains two sets SUf" C \l> and 
Vi C V(G) \ * with 

de^ G J^",Vt)^5(n*fk, (8.22) 
deg^^,*")^. (8.23) 

For any vertex z G U W^b we define T(z) as the forest consisting of all components of 
T — (W^UWb) that contain children of z. Throughout the proof, we write <j> for the current partial 
embedding of T into G. 

Overview of the embedding procedure. As outlined in Section [8. 1.11 the embedding scheme 
is the same for Configurations (o2)-(o5). The embedding <p is defined in two stages. In Stage 1, 
we embed Wa U Wb, all the internal shrubs, all the end shrubs of Sa, and a partial of the end 
shrubs of Sb- In Stage 2 we embed the rest of Sb ■ Which part of Sb are embedded in Stage 1 
and which part in Stage 2 will be determined during Stage 1. We first give a rough outline of both 
stages listing some conditions which we require to be met, and then we describe each of the stages 
in detail. 

Stage 1 is defined in \Wa U {r}\ steps. First we map r to any vertex in . Then in each step 
we pick a vertex x G Wa for which the embedding (j> has already been defined but such that (ft is not 
yet defined for any of the children of x. In this step we embed T(x), together with all the children 
and grandchildren of x in the knag which contains x. For each y G Wb H Ch(x), Lemma 18.171 
determines a subforest T'{y) C T(y) which is embedded in Stage 1, and sets C\{y) and ^(y), which 
will be embedded in Stage 2. 

The embedding in each step of Stage 1 will be defined so that the following properties hold. 

(*1) All vertices from Wa are mapped to . 

(*2) All vertices except for Wa are mapped to V(G) \ SSf. 

(*3) For each y £ W B , for each v G Pax(V(\J Ci(y))) it holds that 

deg G (ci>(v),*')>k + ^-v(T>(y)). 

(*4) For each y G Wb, for each v G Par(F(|J C 2 (y))) it holds that 

deg G (cP(v), *') > | + ^ - v(T'(y) u|JCi(y)) . 

In Stage 2, we shall utilize properties (*3) and (*4) to embed T B := \JSb — {J y ^w B T'(y). 
Stage 2 is substantially simpler than Stage 1; this is due to the fact that T B consists only of end 
shrubs. 
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\ 

Figure 8.6: Stage 1 of the embedding in the proof of Lemma [8.181 Starting from an already 
embedded vertex x £ Wa we extend the embedding to (in this order) 

(1) all the children y £ Wb of x in the same knag (in grey), 

(2) a part T'(y) of the forest T(y), 

(3) all the grandchildren x' £ Wa of x in the same knag, 

(4) the forest T(x) together with the bordering cut- vertices x* £ Wa- 

The embedding step of Stage 1. The embedding step is the same for Configurations (o2)- 
(o5), except for the embedding of internal shrubs. The order of the embedding steps is illustrated 
in Figure ESI 

In each step we have picked x £ Wa already embedded in G but such that none of Ch(x) are 
embedded. By (*1), or by the choice of <f>(r), we have 4>{x) £ '. So by (I8.22P we have 

deg Gv (0(x),Fi \ U) > 5(n*) 9 k - k. (8.24) 

First, we embed successively in \Wb H Ch(x)| steps the vertices y £ Wb H Ch(x) together 
with components T'(y) C T(y) which will be determined on the way. Suppose that in a cer- 
tain step we are to embed y £ Wb H Ch(x) and the (to be determined) tree T'(y). Let F := 
Ui=o shadow^ ^ (ghost (U), j^), where U is the set of vertices used by the embedding <p in pre- 

vious steps, so \U\ ^ k. By Fact 17.11 \F\ ^ — p — '—k. We embed y anywhere in (Ng(4>{x))PiVi)\F , 
cf. QQ2J) . Note that then (*2) holds for y. We use Lemma E33 in order to embed T'(y) C T(y) 
(the subtree T'(y) is determined by Lemma l8.17p . Lemma 18.171 ensures that (*3) and (*4) hold 
and that we have <j)(V (T' (y))) C V(G) \ 

Also, we map the vertices x' £ Wa H Ch(y) to Sb" \ U. To justify this step, employing (*2), it 
is enough to prove that 

deg(<P(y),*")>\W A \. (8.25) 

Indeed, on one hand, we have \Wa\ ^ 336/r by Definition 13. lf fcj) . On the other hand, we have that 
4>(y) £ V\, and thus (|8.23|) applies. We can thus embed x' as planned, ensuring (*1), and finishing 
the step for y. 

Next, we sequentially embed the components T of T(x). In the following, we describe such an 
embedding procedure only for an internal shrub T, with x* denoting the other neighbour of T in 

29 in the sense that individual shrubs Sb may be embedded only in part 
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Wa (cf. (*1))- The case when T is an end shrub is analoguous: actually it is even easier as we do 
not have to worry about placing x* well. The actual embedding of T together with x* depends on 
the configuration we are in. We shall slightly abuse notation by letting U now denote everything 
embedded before the tree T. 

For Configuration (o2), we use Lemma 18.41 for one tree, namely f — x* , using the following 

setting: Q >I |Q := l,7>iIQ : = 7,C>ilO : = P^iIO : = G cx P , ^JQ := U, and ■= 
(Ng v (^>(s)) H Vi) \ U (this last set is large enough by (|8.24[) ). The child of x gets embedded in 
(Ng v (<^(x)) n Vi) \ U, the vertices at odd distance from x get embedded in Vi, and the vertices at 
even distance from x get embedded in V2. In particular, Parr (2;*) gets embedded in Vi. After this, 
we accomodate x* in a vertex in \ U which is adjacent to ^>(ParT(x*)). This is possible by the 
same reasoning as in (I8.25|) . 

For Configuration (o3), we use Lemma l8.13l to embed T with the setting T>i j8. 13l := 7' ^>i l8.13l := 
7 3 /100, t/tj KQgl := U and U* rfgj%\ ■= (N Gv (<P( X )) C Vi) \ U (this last set is large enough by 
Then the child of x gets embedded in (N^ v (4>(x)) H Vi) \U, vertices of T of odd distance to x (i.e. of 
even distance to the root of T) get embedded in V\ \ U, and vertices of even distance get embedded 
in V2 \ U. We extend the embedding by mapping x* to a suitable vertex in \ U adjacent to 
0(Par5"(x*)) in the same way as above. 

For Configuration (o4), we use Lemma l8.14l to embed T with the setting T>t J8. 141 := 7' ^i>i ]8.l4l := 
7 4 /100, L 7 [>I [8Ji1 := U and U* rfgjft ■= (N Gv (<P(x)) nVi)\U (this last set is large enough by (|jT24"J) ). 
The fruit i4 | i n the lemma is chosen as Papr(x*), note that this is indeed a fruit (in T) because 
of Definition 13.11 ®. Then the child of x gets embedded in (Ng v (^(x)) n Vi) \ U, the vertex 
r >i l8.14 l = P ar T , (^*) gets embedded in Vi \ U, and the rest of T gets embedded in (21' U V2) \ U. 
This allows us to extend the embedding to X clS above. 

In Configuration (o5), let W C V denote the set of those clusters, which have at least an 
2 /q*\5 -fraction of their vertices contained in the set U' := U U shadow G reg (C7, k/(Q*) 3 ). We get 
from FactOthat \U'\ < 2(Q*) 4 k, and consequently \U' U \J W| < A(Q*) 9 k. By ([Qi]) we can find 
a vertex v G (N G (0(a;)) n Vi) \ (Z7' U (J W). 

We use the fact that v £ shadow c reg ([/, k/(Q*) 3 ) together with inequality (|7.39p to see that 
degQ (v, V(G vcg ) \ U) ^ kj (ST) 3 . Now, since there are only boundedly many clusters seen from v 
(cf. Fact I4.1ip . there must be a cluster D € V such that 

deg Gi Jv, D\U) > j^e\D\ > J 3 \D\ . (8.26) 

Let C be the cluster containing v. We have |(CnVi)\*7| ^ 2 (n*)s l C 'l ^ T 3 1 C| because of (|7.40p and 
since C ^ W. Thus, by Fact 12.71 ((C fl Vi) \ E7, D \ £/) is an 2£'/7 3 -regiilar pa j r f density at least 
7 2 /2. We can therefore embed T in this pair using the regularity method. Moreover, by (|8.26p . we 
can do so by mapping the child z of x to v. Thus the parent of x* (lying at even distance to z) will 
be embedded in (C n Vi) \ U. We can then extend our embedding to x* as above. 

This finishes our embedding of T{x). Note that in all cases we have 4>(x*) £ and </>(V(T)) C 
V(G) \ as required by (*1) and (*2). 
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The embedding steps of Stage 2. For i = l,2, set Z { := {J y &w B C H T '(y)) ^{J C i(v)- 

First, we embed all the vertices z S Z 2 in By (*2), until now, only vertices of Wa U Z2 are 
mapped to and using (*4) and the properties (jcj), (jk]) and (jj) of Definiton l3.H we see that 

deg G (^Par(z)),*')^ + (^- \J (T'(y) U (JCi(y)) 

> |VFa| + |^| • 

So there is space for the vertex z in Vl/' n 0(Nc(Par(z))). 

Next, we embed all the vertices z £ Z\ in By (*2), until now, only vertices of Wa D Z 2 D Z\ 
are mapped to and by (*3) we have, similarly as above, 

deg G (0(Pai(z)),*') > \W A \ + \Z 2 \ + \Z t \ . 

So z can be embedded in ^' n NG(^>(Par(z))) as planned. 

Finally, for z £ Z\ U Z2, denote by the component of C\ U C2 that contains z. We use 
Lemma 18.161 to embed the rest of the rooted tree (T z , z). (Note that our parameters work because 
of (I7.3p .) Once all rooted trees (T z , z), z £ Z\ U Z2 have been processed, we have finished Stage 2 
and thus the proof of the lemma. □ 



8.4.3 Embedding in Configurations (06) (olO) 

We follow the schemes outlined in Sections IKX21 IKX31 18X41 and lKX5l 

Embedding a tree T^r jy^jj g trees(fc) using Configurations (06), (o7), (08) has two parts: first 
the internal part of T^r jy^j is embedded, and then this partial embedding is extended to end shrubs 
of J^r jj^g] as well. Lemma f8.19l (for configurations (06) and (o7)) and Lemma f8.20l (for configuration 
(08)) are used for the former part, and Lemmas 18. 21 1 and 18.221 (depending on whether we have (^1) 
or (^2)) for the latter. Lemma 18.231 then puts these two pieces together. 

Embedding using Configurations (o9) and (olO) is resolved in Lemmas 18.241 and I8.25| respec- 
tively. 



Lemma 8.19. Suppose we are in Setting \7\4\ and \ 7. 1\ and we have one of the following two 
configurations: 

• Configuration (06) (5Q,e,d' , /i, 1,0), or 

• Configuration (o7)(5y, e, a", fj,, 1, 0), 

with 10 5 ^/7(f}*) 2 ^ <5| ^ 1, W 2 ^y(Q*) 3 /A ^ 5% < r] 3 ~f 3 /W 6 , d' > 10e > 0, and d'firk ^ 4 • 10 3 . 
Both configurations contain distinguished sets Vq,Vi C an d V2, V3 C tyi. 

Suppose that (Wa, Wb, <Sa, <Sb) is a (rk)-fine partition of a rooted tree (T, r) of order at most k 
such that \ Wa U Wb\ ^ k . Let T' be the tree induced by all the cut-vertices Wa U Wb and all the 
internal shrubs. 

Then there exists an embedding (f> ofT' such that 4>(Wa) C V\, 4>(Wb) Q Vq, and <j>{T' — (W^U 



133 



8.4 Main embedding lemmas 



Proof. For simplicity, let us assume that r £ Wa- The case when r £ W B is similar. The (rfc)-fine 
partition (Wa,Wb,<Sa,<Sb) induces a (r£;)-nne partition in T' . By Lemma [3771 the tree T' has an 
ordered skeleton (Xq,X\, . . . ,X m ) where the Xi are either shrubs or knags (Xq being a knag). 

Our strategy is as follows. We sequentially embed the knags and the internal shrubs in the 
order given by the ordered skeleton. For embedding the knags we use Lemma 18.41 in Preconfigura- 
tion (exp), and Lemma 18.71 in Preconfiguration (reg). For embedding the internal shrubs, we use 
Lemmas 18.111 and 18.121 if we have Configurations (06), and (o7), respectively. 

Throughout, 4> denotes the current (partial) embedding of (Xq, X\ . . . , X m ). In consecutive 
steps, we extend <f>. We define auxiliary sets Di C V(G) which will serve for reserving space for 
the roots of the shrubs JQ. So the set Z<i := Uj<i(0(-^i) U Dj) contains what is already used and 
what should (mainly) be avoided. 

Let W A ,i := W A n V(Xi), and W B) i ■= W B n V(Xi). For each y £ W A ,j with j ^ i let 



S y := (F 2 nN G (0(y)))\Z<i, 

except if the latter set has size > k, in that case we choose a subset of size k. This is a target set 
for the roots of shrubs adjacent to y. 

Also, in the case X\ is a shrub, we write ri for its root, and fi for the only other vertex 
neighbouring Wa U Wb- Note that fi is a fruit of (Xj,rj). 

The value h = 6 or h = 7 indicates whether we have configuration (06) or (o7) . Define 

Fi ■= shadow G _* (z <u ^\ U Z Ki . (8.27) 

Define \J% := Fi if we have Preconfiguration (exp) (note that in that case we have Configura- 
tion (06)). To define Ui in case of Preconfiguration (reg) we make use of the super-regular pairs 

(Qo\q?) (jey). Set 

U t := F t U |J :jey, \Q? n Fi\ 2 J . (8.28) 

In either case, we have \Ui\ ^ 2|i^|. 
Finally, set 

W % := shadow G _* (lli, ^) U Z <t . (8.29) 

We will now show how to embed successively all Xi. At each step i, our embedding <j) will have 
the following properties: 

(a) 0(Wa,O C Vi \ ^ and <t>{W B ,i) Q V , 

(b) for each y G with j ^ i we have |5 y n ^ n A| + & 3/4 , 

(c) |Z <i+1 | < 2fc, 
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(d) A c *Pi \ {4>{Xi) u z<i), 

(e) <j>(Xi - ri) is disjoint from |Jj<j UDj, 

(f) G V2 \ Wi if Xi is a shrub, 

(g) <f>(Xi) C qji if ^ is a shrub. 

(We remark that since r, is not defined for knags Xi, condition (jej) means that <p(Xi) is disjoint 
from U - <f UZ?j for knags Xj.) 

It is clear that the first together with the last condition ensures that in step m we have found 
the desired embedding for T' . 

Before we show how to embed each Xi fulfilling the properties above, let us quickly calculate a 
useful bound. By Fact 17.11 and (jej), we have that |Fj| < ^-k for all i < m. Thus, using \Ui\ < 2|F»| 
and again Fact 17.11 and (jcj) , this shows 

\W t \^^§^k. (8.30) 
°h 

Now suppose we are at step i with ^ i ^ m. That is, we have already embedded all Xj with 
j < i, and are about to embed Xi. 

First assume that Xi is a knag. Note that if i ^ 0, then there is exactly one fruit fi with 
I < i which neighbours Xi. Set iVj := Nc(4 l (ft)) in this case, and let Ni := V(G) for i = 0. We 
distinguish between the two preconfigurations we might be in. 

Suppose first we are in Preconfiguration (exp). Recall that then we are in Configuration (06). 

We use Lemma 18.41 to embed the single tree Xi with the following setting: ^ JgT^l := 1> 

ViE3] : = Vu v 2p]m -.= v , u* >]m -.= n Fx) \ Ui = (Ni n v{) \ f u u >mM ■.= u t = f u 

Q>llO : = C>iIQ : = $6, and 7>i[83] := 7 ' Note that ^ilO is large enou S h b y © for £ 

and by (I7.49h and (I7.53j) . respectively. Lemma [8.41 gives an embedding of the tree Xi such that 

^(y eY en(Xi)) C Vi \ Fi and </KVodd(Xi)) Vo\Fj , which maps the root of Xi to the neighbourhood 

of its parent's image. Note that this ensures (jaj) and (jej) for step i, and setting D. L := we also 

ensure (jcj) and (jdj). Property (jbj) holds since V2 H <t>(Xi) = 0. Since is a knag, (jfj) and (jgj) are 

empty. 

Suppose now we are in Preconfiguration (reg). Then let j G y be such that (Nif]Q^)\Ui 7^ 0. 
Such an index j exists by (jfj) for I and by (|7.49p and (|7.53j) . respectively, if i 7^ 0, and trivially if 
i = 0. We shall use Lemma 18.71 to embed Xi in (Qq ,Qi )■ More precisely, we use Lemma 18.71 

with 4>ilO := Qi ] > B t>iKT\ : = Qo } ' £ >ilO : = e» d >ilO : = 4il8771 : = M*, U A := I7j n A, 
U b ■= 4>(W B ,<i) n B (then < |^|/2 by the definition of Ui and the choice of j). 

Lemma IHTTl yields a (T4 ven (Xj) <—> V\ \ Fj, Vodd(Xj) =->■ Vo)-embedding of Xj, which maps the 
root of Xj to the neighbourhood of its parent's image. Setting Dj := 0, we have (jaj)~Q. 
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So let us now assume that Xi is a shrub. The parent y of the root r, of Xi lies in Wa,i for some 
t < i. By (jaj) for £, we mapped y to a vertex (p(y) € Vi \ i^. As deg G (^>(y), V 2 ) ^ <5h,fc (by (|7.48|> 
and (17.52p . respectively), and since 4>(y) ^ Fi, we have 

\Sy\ > (8.31) 

Using (jb]) for all j with £ ^ j < i, and using that the sets .Dj are pairwise disjoint by ([d]), we 
see that 

\s y n(p{x u...ux i _ 1 )\ = \s y n<t>(x i u...ux i - 1 )\ < \s y n \J Dji+m-k 3 ^ < i^n J £>j|+™-£: 3/4 . 

Therefore, and as by (jdj) and (jej), the sets </>(Xo U . . . -Xj_i) and Uosgj<i are disjoint except for 
the at most m ^ \Wa U Ws| ^ A; ' 1 roots rj of shrubs Xj, and since k 1, we have 

|S„| ^ |5„ n 0(X O U . . . U Xi_i)| + |5 y n J Dj-| - m > 2\S y n c£(X U . . . U - A; ' 9 . 

Thus, 

.„ v i, v v \ i I5J - A; - 9 i33 3^/c A: - 9 <$ h Jfe 
|5 J/ \^(X U...UXi_ 1 )|^^ ^ -| 2 _> 1"" 

So for U* := 5^ \ (f)(X U . . . U we have that \U*\ ^ If we have Configuration (06) or 

(o7) we use Lemma fS-lll or [8T2l respectively, with input ^>i |8 11M8 12l := ^> ^>i l8 11 1 - 1 8 12 1 := 
L >i l8TTT - l8T2l := |Wa,*|, Tn lgTIUCT := 7, the family {^} >r j8JTT48T2l : = Wi/eW.A,„j<i» and the 
rooted tree (Xj,rj) with fruit /j. Further, for Configuration (06), set ^i jg.lll := V 2 >i |8.111 := ^ 2 
and V 3.>i KTT\ '■= V 3 and for Configuration (o7), set (5 >I |gJg| := #7, ^ rJ8T2l := y i.>i l8J2l := y 2 and 
Y 2 >i ]8. 12| := ^3- The output of Lemma f8. 1 1 1 or [8T2| respectively, is the extension of our embedding 
4> to Xi, and a set := C^ jg n|^g 12I — (^2 U V3) \ (Wj U 4>(Xi)) for which properties (jaj) (which 
is empty) and properties (Jb])-(jgj) hold. 

□ 



Lemma 8.20. Suppose we are in Setting \ 7.4\ and \7. 7| and suppose further we have Configura- 
tion (o8)(£,J£, £!,e2,dx,d 2 , /ii, /*2,/n,0), with 2 • 10 5 (fT) 6 /A < 5 e , 5 < 7 V/(10 16 (^*) 2 ), d 2 > 
We 2 > 0, d 2 [i 2 Tk ^ 4 • 10 3 , and max{ei,r//xi} < r? 2 7 2 <ii/(10 10 (f2*) 3 ). Recall that we have distin- 
guished sets Vo, . . . , V4 and a semiregular matching N '. 

Let (Wa, Wb, Sa, Sb) be a (rk)-fine partition of a rooted tree (T,r) of order at most k. Let T' 
be the tree induced by all the cut-vertices Wa U Wb and all the internal shrubs. Suppose that 

v(T>) <hi-^. (8.32) 
Then there exists an embedding (f> of T' such that 4>(Wa) C Vi, 4>(Wb) Q Vo, and <f>(T') C 
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Proof. We assume that r G Wa- The case when r G Wb is similar. 

Let fC be the set of all knags of the (rfc)-fine partition (Wa, Wb,Sa,$b) of T. For each such knag 
K G /C set Yk := -K" U Ch^(J^). We call the subgraphs extended knags. Set 3> := {Y^ : K G /C} 
and W c := V(L)3>\ U^)- Since Wc £ ^( T ')> w e clearly have that \W C \ < |W A U W B |. 

Note that the forest X" — (J 3^ consists of the set V of peripheral subshrubs of internal shrubs 
of (Wa, Wb, Sa, <Sb), and the set S of principal subshrubs of internal shrubs of (Wa, Wb, Sa, $b)- 
It is not difficult to observe that there is a sequence (Xq,Xi, . . . ,X m ) such that Xi = (Mi, Y^Vi) 
such that Mi G S and V% C "P for each i ^ m, and such that the following holds. 



(I) Mq = and Yq contains r. 

(II) Vi are exactly those peripheral subshrubs whose parents lie in Y- 

(III) The parent /, of Y lies in Mj (unless i = 0). 

(IV) The parent rj of M, lies in some Yj with j < i (unless i = 0), 

(V) U^ m vWuYuU^) = vm 

See Figure [8771 for an illustration. 




We now successively embed the elements of Xj, except possibly for a part of the subshrubs in 
Vi- The omitted peripheral subshrubs will be embedded at the very end, after having completed 
the inductive procedure we are about to describe now. 

We shall make use of the following lemmas: Lemma 18.71 (for embedding knags), Lemmas 18.81 
and l8.5l (for embedding peripheral subshrubs in TV), Lemma f8.12l (for embedding principal subshrubs 
in V 3 U Vi). 
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Throughout, 4> denotes the current (partial) embedding of T' . In each step i we embed Mj U Yi 
and a subset of Vi, and denote by 4>(Xi) the image of these sets (as far as it is defined). We also 
define an auxiliary set Dj C V{G) which will serve to ensure there is enough space for the roots of 
the subshrubs Mi with i > i. Set 

j<i 

Our plan for embedding the various parts of Xi is depicted in Figure ESI which is a refined version 
of Figure E3 





^JU.^ _JL_ ^ part of Vi 



extended knag Yj 



CZ3 CZ^ 

Figure 8.8: Embedding a part of the internal tree in Lemma \8. 201 



Let W ,i ■= W n V(Yi) for = A,B, C. For each y £ W C ,i let 

S y := (V 3 n N G (0(i/))) \ Z <u 

except if this set has size more than k, in which case we choose any subset of size k. Similar as in 
the preceding lemma, this is a target set for the roots of the principal subshrub adjacent to y. 
Fix a matching involution U for jV, and for £ = 1,2 define 



:= Z <{ U shadow^ ( ghost 5 (Z <l ), — I 



M) 



5k\ 



?.33) 



We use the super-regular pairs 

(Qo\Q?) (j^y) to define 



U t :=FPu[J\Q^ :jey,\QV>nif>\Z 



,( 2 ), ^ \Qi 



u) i 



J.34) 



We have 



\UA < 2\F 



(2), 



5.35) 
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Finally, for £ = 1,2 set 



:= shadow 




) 



(8.36) 



We will now show how to define successively our embedding. At each step i, the embedding <j) 
will be defined for Mj U and a subset of 7^, and it will have the following properties: 



(a) <j>(W A ,i) C Fa \ F/ 2) and 0(W fl)i ) C V , 

(b) ^ C ,i)ClA 2 \f, 

(c) \ u wf>), 

(d) for each y G Wcj with j ^ i we have \S y n <£pQ)| < |5 y n A I + 2& 3 / 4 , 

(e) |Z <i+ i| < 2fc, 

(f) A c F3 \ (<t>{Xi) u Z<j), 

(g) 0(X, \ (V(Mi) n Ch(Wc))) is disjoint from \J j<{ AjH 

(h) 0(XO C *P! U 0(Yi U /i), 



Note that for (jh]), since /o is not defined, we assume </>(/o) = 0. 

Before we go on let us remark that (jh]) together with (Jfj) implies that at each step i we have 




^nqiol <S'(\w A \ + \w B \) < 



teas 2016 



Sk 



(8.37) 



r 



Also note that by Fact 17.11 and by (jej) , we have 




(8.38) 



and 



. (2) < 520(O*) 4 



k . 



(8.39) 



By © and by (17381) we have that \S y \ ^ Now, using ©, © and (jgj), we can calculate 
similarly as in the previous lemma that at each step i we have 




Note that V(Mj) n Ch(Wc) contains a single vertex, the root of Mi. 
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Now assume we are at step i of the inductive procedure, that is, we have already dealt with 
Xq, . . . , and wish to embed (parts of) X{. 

We start with embedding Mj, except if i = 0, in that case we go directly to embedding Yq. We 
shall embed Mj in V3 U V4, except for the fruit fi, which will be mapped to V2. The embedding has 
three stages. First we embed Mj — Mj(f fi), then we embed fi, and finally we embed the forest 
■^i(t /0 — fi- The embedding of Mj — Mj(f /j) is an application of Lemma 18.121 analogous to the 
case of Configuration (o7) in the previous Lemma l8.19l That is, set Y 1 >r |g j2| := ^3; ^2 01 J8. 12l := 
let 

where rj lies in Wc by pvp . and 

^t[87T21^^ (2) U^ (2) - 



Note that 

and by (|8.4Up (which we use for i — 1), also 



|rr* I . 3<5fc 

The family {Pi, . . . , PL}t>i |87l2l * s {Sy}ye(J J<i W c j- There is only one tree to be embedded, namely 
Mj — Mj(t fi)- It is not difficult to check that all the conditions of Lemma 18.121 are fulfilled. 
Lemma [8. 121 gives an embedding of Mj — Mj(f /j) in V3 U V4 C *Pi with the property that Par(/j) is 
mapped to V 3 \ (f/ 2) U w/ 2) ). The lemma further gives a set D' := C^ rfgj^ of size u(Mj - Mj(| /j)) 
such that 

|5 y n </>(Mi - M(t ^ \S y n D'| + k - 75 

for each y G |Jj<i w C,j- 

Using the degree condition ()7.59p we can embed fi to 

v 2 \(f^uw^) 

(recall that (I8.37P asserts that only very little space in V2 is occupied). This ensures (jcj) for i. 

To embed Mj(t /j) — /j we use again Lemma [8.121 The parameters are this time Y l > i |g - i2| := ^3> 
y 2..>il8T2l := ^4, 

^lETJ : = ( N <?(<K/*)) n v 3 ) \ {Z <% U 4>{Mi - M(t /*))) , and 
^iB := U 0(M - M(t /<)) U £>' . 

Note that |^"* I tgjd ^ j by ([738]) . by the fact that wf } , and as v(T$ + i < Sk/8. The 

family {Pi, . . . , Pl},>i[8T2] * s {Sy}ye\J :j<1 w c j ■ The trees to be embedded are the components of 
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fi) — fi rooted at the children of /j. All the conditions of Lemma 18.121 are fulfilled. The 
lemma provides an embedding in V3 U V4 C It further gives a set D" := Ct>i j8. 12l °f s i ze 

u(Mi(t fi)) - 1 such that 

|5„ n 0(M<(t /<) - A) I < |^ n A'| + k - 75 

for each y G (Jf<i Wc,j- Then A := V 3 n (-D' U A') is such that for each y G (Jj<i Wcy, 

\S y n 0(Mi)| < |5j, n A| + 2A; ' 75 , (8.41) 

as S y C V3 and </>(/«) ^ V3. Note that this choice of A also ensures (jej) for i, and we have by the 
choices of ^*] Jg . 1 2 1 an< ^ ^>i l8.12l m b°th applications of Lemma 18.121 that 

DiQV 3 \ (<f>(Mi) U Z Ki ) and </>(Xi \ n Gh(W c ))) n [J Dj = 0. (8.42) 



We now turn to embedding Y^. Our plan is to use first Lemma 18.71 to embed Yi \ Wc in 
(Qq 1 j Qi ) f° r an appropriate index j. After that, we shall show how to embed Wc,i- 

If i = then take an arbitrary j G 3^ Otherwise note that by (jlllj) . the parent /j of the root 
of Yi lies in M t . Note that /j is a fruit in Mj. Let j G ^ be such that (N G (<£(/*)) n Q^) \ C/j ^ 0. 
Such an index j exists by (]7.57p and the fact that </>(/«) w/ 1 ^ by (jcj) for z. 

We use Lemma E3 with := <2i J) , ^ >r JQ : = Qq , £ >il8771 := £ 2, ^rJQ := c?2, ^jQ := 

^2^, ^4 := ^ H ^i JgTTt Ub '•= Z K i n ^oj JgTT} By the choice of j and the definition of E7j, we 
find that Ua is small enough, and using (|8.37p we see that Ub is also small enough. Lemma 18.71 
yields a (V evcn {Yi - W c ) ^ V 1 \ F<> 2 \ V odd (Yi - W c ) ^ ^-embedding of Y; - W c . We clearly see 
condition (jaj) satisfied for i. 

We now embed successively the vertices of the set Wc,i = {vj£ : I = 1 , . . . , | Wc,i I } • By the 
definition of the set Wc, we know that the parent x of wi lies in Wa,%- Combining (|7.56p with the 
fact that <j)(x) € V\\ ' by pj) for i, we have that 



N G U{x),V 2 \{F^\Z <% ] 



75k 

Thus by (|8.37p and since V 2 C *Pq, we can accommodate W£ in V 2 \F^. This is as desired for (ml) 
in step i. 

We now turn to V%. We will embed a subset of these peripheral subshrubs in M . This procedure 
is divided into two stages. First we shall aim to embed as many subshrubs as possible in M in a 
balanced way, with the help of Lemma 18.81 When it is no longer possible to embed any subshrub 
in a balanced way in M, we embed in J\f as many of the leftover subshrubs as possible, in an 
unbalanced way. For this part of the embedding we use Lemma [ 
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By (jTT|) all the parents of the subshrubs in V% lie in Wc,i- For wt G Wc,i, let denote 
the set of all subshrubs in V% adjacent to wg. In the first stage, we shall embed, successively for 
j = 1, . . . , |Wc j|, either all or none of V%a in a balanced way in M . Assume inductively that 



I^J 7\pj is (Tfc)-balanced with respect to M . (8.43) 

p<j 

Construct a semiregular matching Mj absorbed by M as follows. Let Mj := {{X'^X 1 ^) : 
(Xi, X2) G A/"}, where for (X\, X2) G M we define (A"(, Ag) as the maximal balanced unoccupied 
subpair seen from 4>(wj), i.e., for 6 = 1,2, we take 

x' b c (X b n N Grcg (0(^)) \ 0(|J Vi, P ) u |J <A(A, 

maximal subject to = \X' 2 \. If |V(A/})| ^ 10^* then we shall embed Vij, otherwise we do not 
embed Vij in this step. So assume we decided to embed V%,j- Recall that the total order of the 
subshrubs in this set is at most rk. Using the same argument as for Claim l8Tl7.il we have 



|(J{Xuy = (X,Y)eAr,deg Gv (<f,(wj),XUY)>0 
Thus, there exists a subpair [X'^X'^) G Mj of some {X^X^j G M with 



7 



> > WU» ■ (8-44) 



l-Xll " 4 ( n ') 2 /; " 10 8 (O*) 3 ' 

i 2 

In particular, (X[,X' 2 ) forms a 2 10 ^ -regular pair of density at least d\/2 by Fact 12.71 We use 
Lemma [HTHI to embed Vij in A^^j jg^g] := {(X[, X 2 )}. The family {/cgj^ jg^gj comprises of a single 
number f(x[,x') which is the discrepancy of \J p< j 4>(T'i,p) with respect to (X±, X2). This guarantees 
that (|8.43p is preserved. This finishes the j-th step. We repeat this step until j = \Wc,i\, then we 
go to the next stage. 

Denote by Qi the set of all P G V% that have not been embedded in the first stage. Note that 
for each Q G Qi, with Q G Vij, say, and for each [X\,X2) G M there is a b( Xl ,x 2 ) e {1>2} such 
that for 

Oj := U (*w a > n N Grcg (0K)) \ ( 0CU u U M x t) 

we have that 

< t5t^-- (8.45) 

The fact that Oj is small implies that there an M-covei such that the G reg -neighborhood of Wj 
restricted to this cover is essentially exhausted by the image of T 1 . 
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In the second stage, we shall embed some of the peripheral subshrubs of Qi. They will be 
mapped in an unbalanced way to M. We will do this in steps j = 1, . . . , |Wc,i|, and denote by TZj 
the set of those V C Q i embedded until step j. At step j, we decide to embed if Vij C Qi and 

deg Grcg (j)(wj),V(AT) \ tdJPi \ Qi)) " I U^-il > • ( 8 ' 46 ) 

Let 

AA:={(X,y)EAA : \(XUY)nZ <l \< T ^^\X\ 
As by (jbj) we know that Wj was embedded in V2 \ , we have 

de gGi J<t>( Wj ),V(N\jV)) < 2 • ^ff* )8 ■ f < ^fc • (8.47) 

Using (|8.45p . (|8.46p and (|8.47p . similar calculations as in (|8.44|) show the existence of a pair 
(A, Y) G M with 

2 2 

de gGreg (^K), (iur)\ (0, u tdJVi \ Qi))) -\(xuY)n 0((J^_i)| ^ 10 s ( ^ )2 l^ u y| . 

Then by the definition of J\f, and setting := ghost 5 (Z<j) we get that 

deg Grcg (<^K), (XUY)\ (Z+ U Oj U cj>{{JVi \ Qi))) - \{X UY) n ^J^-i)! 
7 2? ? 2 

By the definition of Oj, all of the degree counted here goes to one side of the matching edge (X, Y), 
say to X. So 

2 2 

de gGreg (0K-),x \ (z+ u <j>({JVi \ Qi u[Jk h ))) - |r n 0(U^-i)l > 10 9 ( o* )2 l x l ( 8 - 48 ) 

^12^|A|+r£;. (8.49) 



We claim that furthermore, 



2 2 

|y \ (z+ u ^UVi \ Qi u[JM)I > i i 7 o(n«)2 l y l > 12 | + rfc ■ ( 8 - 50 ) 

Indeed, otherwise we get by (|8.48p that 



I A \ (Z+ U ^{jVi \ Qi))\ > \Y \ (Z+ U 0(|J n \ Qj))| + 1Q1 7 2 ( ^ )2 |A|, 

which is impossible by (|8.43p and since \X\ ^ jj,\k. 

Hence, by (|8.49p and (I8.50p . we can embed Vij into the unoccupied part (A, Y) using Lemma l831 
repeatedly! 31 ! 



31 Recall that the total order of Vij is at most rk. 
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Note that if some Vij has not been embedded in either of the two stages, then the vertex 
Wj must have a somewhat insufficient degree in j\f. More precisely, employing (I8.46P we see that 
deg Grcg (0K),y(AO) - \4>{Xi) n V{M)\ < §. Combined with (17^2]) . we find that 

2 J, 

de gGc (0(^),y 3 ) > /h- |0PQ)ny(AO| - > 

in other words, holds for i. 

This finishes step z of the embedding procedure. Recall that the sets V3 and V(jV) are disjoint. 
Hence, by (jaj) and (jb]), the principal subshrubs are the only parts of T' that were embedded in V3 
(and possibly elsewhere). Thus, using (|8.42p . we see that ©, (jgj) and © are satisfied for i. Also, 
by flSZED , ddj) holds for i. 

After having completed the inductive procedure, we still have to embed some peripheral sub- 
shrubs. Let us take sequentially those P £ V which were not embedded. Say w is the parent of P. 
By @[]) we have 

rph t832l -r^h 

deg^^H^aVM^^^-IIm^nnAOI-IM^n^l-^ > . 

An application of Lemma 18.121 in which ^ lt>I |8J2l := V3, ^ 2 .>i l8Tl"2l := ^>i l8T2l := Im (</>): 
U >i KT2\ := N Gi>OM) n V 3 \ Im(<£), and {Pi,.. • , Pl}>i EEZ] := $ S ives an embedding of P in 
V 3 UV 4 C^ 1 . 

By conditions (jaj) , ((bj) , (jcj) and (jhj) we have thus found the desired embedding for T' . □ 

Lemma 8.21. Suppose we are in Setting \7.4\ and \ 7. 7[ and that the sets Vq and V\ witness Pre- 
configuration C^l)(2r] 3 k/W 3 ,h). Suppose that U C ^} U^i. Suppose that {xj}j =1 C Vq and 
{UjYj=i != ^1 are se ^ s of mutually distinct vertices. Let {(Tj, rj)Yj =1 and {(T-, r')}^ =1 be families 
of rooted trees such that each component ofTj — rj and of Tj — r'j /ias order at most rk. 
If 

y^T,)^---^, (8.51) 
^ v jy 2 1000 v 7 

i 

£ ,,(2}) + £ «(2J) < - ^ , and (8.52) 

\u\ + Y. v ( T i) + Y. v ( T 3)^ k > ( 8 - 53 ) 

then there exist (rj Xj, y(Tj)\{rj} <-» V(G)\U)-embeddings ofTj and (r 1 - ^ yj, V(Tj) \{^} 
V(G) \ U)-embeddings of Tj in G, all mutually disjoint. 

Proof. The embedding has three stages. In Stage I we embed some components of Tj — rj (for 
all j = !,...,£) in the parts of (M.a U Al^-edges which are "seen in a balanced way from Xj" . 
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In Stage II we embed the remaining components of Tj — rj. Last, in Stage III we embed all the 
components Tj — rj (for all j = 1, . . . ,£'). 

Let us first give a bound on the total size of (Ma U M ^-vertices C G V(Ma U Mb), C C |J V 
seen from a given vertex via edges of Grp. This bound will be used repeatedly. 

Claim 8.21.1. Let u G V(G). Then for W := {C G V(A/UuA/f B ) : C C |J V, deg Gc (a?, C) > 0} we 
have 

\\JU\ ^ ^Lpl ;and ( 8 .54) 

W < V 9 ; . 8.55 

Proof of Claim [8.21.1\ Let U C V be the set of those clusters which intersect N Gv (xj). Using 
the same argument as in the proof of Claim EHJ} we get that | \JXJ\ ^ 2( "*/ fc ? i. e . (|H34l holds. 
Also, (|8.55p follows since M^U Mb is (e, (i, 7rc)-semiregular. □ 

Stage I: We proceed inductively for j = 1, . . . ,£. Suppose that we embedded some components 
J 7 !, . . . of the forests Tl — n, . . . , T,-i — Tj~x- We write i^-i for the partial images of this 

embedding. We inductively assume that 

Fj-x is r/c-balanced w.r.t. Ma UMb. (8.56) 

For each (A, B) G Ma UMb with deg GzJ (xj, (AU B) \ 21) > take a subpair (A', B'), 

A' C (An N GcUGv (x j )) r2 \ Fj-x and B'C(5n N GcU G v (^)) r2 \ Fj-i , 

such that 

= \B'\ =min{\(AnN GT , uGv (x,)y 2 \F j . 1 \,\(B nN GT)UGv (x,)y 2 \F^ 1 \} . 

These pairs comprise a semiregular matching A/}. (Pairs (A, 5) G U Mb with deg G (ccj, (^4 U 
B) \ 21) = are not considered for the construction of A/}.) 
Let A4j := {(A',B') G A/} : > a\A\}, for 

r7 3 7 2 

a :— 



10 10 (O*) 2 ' 

By Fact \2.7\ Mj is a (2e/a, d/2, a7rc)-semiregular matching. 

o Vi QTro IT/C A/f .M -> IT//' AMI 

w 



CZairo 8.21.2. We have \V(Mj)\ > |V(A/})| - — 



Proo/ o/ Claim W.MA By ([8341 . and by Property 1 of Setting E2 we have |V(A4j)| ^ |V(A/})| - 
a • 2 • 2(a */ fc . □ 

7 2 
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Let J-j be a maximal set of components of Tj — r,- such that 

v(^)^\V{Mj)\-^. (8.57) 
Observe that if J-j does not contain all the components of Tj — tj then 

v{Tj) > \V(M 3 )\ -^-rk> \V(Mj)\ - ^ . (8.58) 

Lemma 18.81 yields an embedding of J-j in Mj. Further the lemma together with the induction 
hypothesis (|8.56p guarantees that the embedding can be chosen so that the new image set Fj is 
rfe-balanced w.r.t. Ma U Mb- We fix this embedding, thus ensuring (|8.56p for step i. If Tj does 
not contain all the components of Tj — Tj then f|8.58j) gives 

\V(Mj)\Fj\^^. (8.59) 

After Stage I: Let J\f* be a maximal semiregular matching contained in (Ma^M-bY 2 which avoids 
F(_. We need two auxiliary claims. 
Claim 8.21.3. We have 

deg max Gl , (V U V lt V(M A U MbY 2 \ (V(M*) U F t U 21)) < ^ . 
Proof of Claim [8.21.3[ Let us consider an arbitrary vertex x G Vq U V\. By (|8.55p the number of 



2(n*) 2 k 

7 2 7TC 



(Ma U M. s)-vertices C C (J V such that deg Gri (x, C) > is at most 
Due to (|8.56p . we have for each (Ma U M s)-edge (A, 5) that 

(AuB) l2 \(V(N*)UF e ) ^rk . (8.60) 

Thus summing ()8.60p over all (Ma U A4 s)-edges (A, S) with deg Go (x, (A U fi) \ 21) > we get 

deg Gs (x,y(MAUA^ B ) r2 \(F(AA*)uF,U2l) ^ 1 j • rfc . 

The claim now follows by (|7,3p . □ 
Claim 8.21.4. Let j £ [£] be such that J-j does not consist of all the components of Tj — Tj. Then 



there exists an A/*-cover Xj such that deg GE> (xj , (J Xj ) ^ 



3r^fc 

1W- 



Proof of Claim 8.21.4\ First, we define an (Ma U A4s)-cover IZj as follows. For an (Ma U A4b)- 
edge (A, £>) let 7£j contain A if 

|(AnN GDUGv (x j )) r2 \F j „ 1 | < |(i?nN Gl , UGv (x j )) r2 \ J F J _ 1 | , 

and B otherwise. Observe that by the definition of A/}, we have 

^Gv ( x i>\jKj \ V W) = • ( 8 - 61 ) 
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Also, we have V(M*) n[J^n V(Mj) C V(J\f*) n V(.Mi) C \ F,-. In particular, (£gg) 

gives that 

y(AH n (Jh* n y(M,)| < ^ . (8.62) 

Let Afj be the restriction of 7£j to M*. We then have 

(by eaD) < deg Gv (xj,V(J\T) n(J^n V(Mj)J + deg GD F(A/}) \ V{M 3 )) 

„3i 



(by Claim lg^T^l ^ . 

□ 

For every j G [£] we define A/1* C J\f* as those AA*-edges (.A, B) for which we have 

((A\JB)\{JXj)nf& = . 

Stage II: We shall inductively for j = 1,...,£ embed those components of Tj — r,- that are not 
included in Tj\ let us denote the set of these components by ICj. There is nothing to do when 
ICj = 0, so let us assume otherwise. 

We write L := {C € V : C C L^jfc(G)}. Let £ /Cj be a component that has not been 
embedded yet. We write U' for the total image of what has been embedded (in Stage I, and 
Stage II so far), combined with U. We claim that Xj has a substantial degree into one of four 
specific vertex sets. 

Claim 8.21.5. At least one of the following four cases occurs. 
(Ul) deg Gv (x h V{N*) \\JXj) - \V n V(M*)\ > 

(U2) deg Gv ( Xj ,Ql\U')^^, 

(U3) deg Gv (x J ,y(G cxp )\C/0^#, 

(U4) deg Gv ( Xj , U L \ (L# U V(G cxp ) U 17')) > 
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Proof. Write U" := {U'Y 2 = U'\U. By ([731]) , we have 
< deg Gv (xj,V; r2 



+ deg Gv (x^^Gexp)^) +deg GD (x„ [j V 2 \ (L # U V(G cxp ) U ^(A/J)) 



(by Q8.21.3 



+ deg Gv (x i ,y(A^ A UA^ i? ) r2 \(y(AA*)u2l)) +deg Gl , (x,,|J^ 

] cum) ^ de gGD V(N*) \ (J Afj) - |C/' n V{N*)\ 



+ deg Gv (xj^MVW^ulJXjUU")) +deg Gv (x 3 ,V{G c ^ 2 \U" 
+ deg Gc (xj, (J L^ 2 \ (L# U y(G cxp ) U V(M*) U £/" 



The claim follows since \U"\ < \ - ^ by (|53T|> . □ 
We now now briefly describe how to embed K in each of the cases (U1)-(U4). 

• In case (Ul) recall that each (A4aUA4 g)-edge contains at most one jV*-edge. Thus by (j8.54[) 
we get that there is an {Ma U M s)-edge (A, B) with 

deg Gc (x J ,(y(AA ; *)n(Aui?))\(J^)-^(^)n[/'n(Au J B)| > ^.^£—.\a\. (8.63) 

Let us fix this edge (^4, 5), and let (.A', B') be the corresponding edge in J\f* . Suppose without 
loss of generality that B £ Xj. We can now embed K in (A', B') using Lemma 18.51 with the 
following input: := A>,D >jm := B^X^ := A' \ tf',*^ := Ng^-.A' \ 

^O.^iES : = B ' \ ^rES : = 8 ' 10 ff )2e ^>iE51 : = d / 6 - With the hel P of we 

calculate that min{X >lE 3j ^ {X*^ > > ^t^^ 

• In Case (U2) we embed K using Lemma 18731 with the following input: e^ jg^j] := e', L^j jg^j := 
C/, '^lE3] :=N ^^' 2t \^)^:=l- 

• In Case (U3) we embed K using Lemma [8741 with the following input: ff >I [g^] := G cxp , ^j jg^j := 
V 2,>MM '■= y ( G - P ), ^rjsa == U', U*^ := N Gcxp (x„ y(G cxp ) \ U'), Q >I g 3 ] := 1, C >L [87J == 

• In Case (U4) we proceed as follows. As deg Gx) (xj, V^q,) < ^| (cf. Definition 17. 17|) . we have 

deg Gc (xj,{J L \ (L # U F(G cxp ) U ^ U tf')) £ ^ • 
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As for (T8763T) . we use ([833]) to find a cluster AgL with 
deg Gl , (*,-, A \ (L # U y(G cxp ) U U £/')) 5* ^ • • W = 1^)2 • W- ( 8 - 64 ) 

Recall that by the definition of L# and V^»$, we have that deg min Gv (A\ (L# U V(G) \ 

*) ^ (1 + jj)k. Thus at least one of the following subcases must occur for the set A* := 
(NgJxj) n A) \ (L # U V(G cxp ) U V/>* U 17'): 

(U4a) For at least \\A*\ vertices v £ A* we have deg Gv (t;,2l \ U')^?f-. 
(U4b) For at least vertices u £ 4* we have deg Grog (t>, 1J V \ U') > 

In case (U4a) we embed K using Lemma 18.31 Details are very similar to (U2). As for case 
(U2b), let as take an arbitrary vertex v G A* with deg Gre (v, (J V \ {/') In particular, 

using (|8.54p . we find a cluster 7? G V with 

2 

deg^lA^Y^^I- (8-65) 

Map the root rx of X to v and embed K — rx in (A -B) using Lemma I8.eIp1 with the 
following input: C >lE 5] := B,D^^ := A^iES := B \ U' ,Y^^ := A \ U',X*^ := 
N Grc >,7? \ U'),(3 >im := 7^/(10(0* ) 2 ),^ lES] := s' . By ([EMD and ^S255J> we see that 
X >$n& Y »MM and X >ilH31 are lar S e enough. 

Stage III: In this stage we embed the trees {Tj}^' =1 . The embedding techniques are as in Stage II. 
The cover T' from Definition 17.171 plavs the same role as the covers Xj in Stage II. Observe that J-' 
is universal whereas the covers Xj are specific for each vertex Xj. A second simplification is that in 
Stage III we use the semiregular matching (A^aU MbY 2 for embedding (in a counterpart of (Ul)) 
instead of N* . 

Again we proceed inductively for j = 1, . . . ,£ with embedding the components of T'- — r'-, which 
we denote by K!y Let K G K'j be a component that has not been embedded yet. We write U' for 
the total image of what has been embedded (in Stage I, II, and Stage III so far), combined with U 
and let U" = U' n ^2- We claim that yj has a substantial degree into one of four specific vertex 
sets. 

Claim 8.21.6. At least one of the following four cases occurs. 
(Ul') deg Go ( yj , V((M A U Mb) f2 ) \ (21 U [j F)) 

-\u"n (U T u (V((M A u M B y 2 ) \%)\>*g, 



(U2') deg Gv ( yj ,Vl\U')> 



IF' 



(U3') deg Gv (y j ,y(G cxp )\ L 7') ^ 



io 4 



32 Lemma 18.51 deals with embedding a single tree in a regular pair, whereas K — tk has several components. We 
therefore apply the lemma repeatedly for each component. 
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8.4 Main embedding lemmas 



(U4') deg Gv ( Vj , U L \ (L # U V(G cxp ) U 17')) > 
Proof. As yj G Vi, we have that 

& < degG v (yi,^ g r ood) 

< deg Gc «U^ B ) [2 ) \ (21 U F(G cxp ) U (J J 7 )) + de gGD ( % -,2l r2 \ (F(G cxp ) U |J^ 
+ deg Gc ( yi , |J F') + deg G „ (J L^ 2 \ (L # U V(G cxp ) U U 
+ deg Gv (yj^iG^y 2 ) +deg Gc (y J ,y(^U^B) r2 \y((A^ A UA^ i3 ) 
(by leu <deg Gs (y i ,y((7WAU7W i3 ) r2 )\(2luy(G cxp )uU^ , )) 

- t/" n([j7'u (y ((A^ u A* s ) r2 ) \ a)) \ y (G exp ) | 

+ deg Gv (y,,^ 2 \ (U" U V(G cxp ) U U^)) + deg Gv (y h y(G cxp ) r2 \ U" 
+ deg G , fa, (J L^ 2 \ (L # U V(G cxp ) U V(M A U M B ) U 17")) + ^ + + • 
The claim follows since \U"\ ^ £\ 7) + ^ T'-^h — y^j. 



□ 

Cases (Ul')-(U4') are treated analogously as Cases (U1)-(U4). 

□ 



Lemma 8.22. Suppose we are in Setting \L4\ and 7.7, and that the sets Vq and V\ witness recon- 
figuration ( l v ) 2)(/i). Suppose that U C *PqU^Pi, such that \U\ ^ k. Suppose that {xj}j =1 C y U Vi 
are distinct vertices. Let {(Tj,rj)}j =1 be a family of rooted trees such that each component ofTj — rj 
has order at most rk. 

If Y2j v (Tj) ^ h — ?? 2 fc/1000 and \U\ + ^ ■ v(Tj) ^ A; i/ten i/iere exist disjoint (jj •— > Xj, V(Tj) \ 
i r j} ^ \ U)-embeddings of Tj in G. 

Proof. The proof is contained in the proof of Lemma 18.211 It suffices to repeat the first two stages 
of the embedding process in the proof. In that setting, we use fy>i ]8.21l = Note that the 
condition {xj} C Vq in the setting of Lemma 18.211 gives us the same possibilities for embedding as 
the condition {xj} C Vq U V\ in the current setting (cf. ()7.4ip and (|7.44p ). □ 



Lemma 8.23. Suppose we are in Setting \U\ and \L7\ and at least one of the following configurations 
occurs: 



Configuration (o6)( 10 i4 ( ^)4) , 4?r, g^f, j^s,h), 

Configuration (o7){ 10 ^(n*)i) > goo> 4?r > 32&> ^uF' FnF' or 
Configuration (<>8)( 10 if ( ffi )5) , gfj, g,47r, f , g^r, hi, /i). 
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8.4 Main embedding lemmas 



Suppose that (Wa, Wb,Sa,Sb) is a rk-fine partition of a rooted tree (T,r) of order k. If the total 

tI £k 

'10 3 



order of the end shrubs is at most h — and the total order of the internal shrubs is at most 



hi - 20, then TCG. 

Proof. Let T' be the tree induced by all the cut-vertices Wa U Wb and all the internal shrubs. 
Summing up the order of the internal shrub and the cut- vertices, we get that v(T') < h± — j^. 
Fix an embedding of T' as in Lemma 18.191 (in configurations (06) and (o7)), or as in Lemma 18.201 
(in configuration (08)). This embedding now extends to external shrubs by Lemma 18.211 (in Pre- 
configuration (^1), which can only occur in Configuration (06) and (o7)), or by Lemma 18.221 (in 
Preconfiguration (Q?2)). It is important to remember here that by Definition 13. ll jl|). the total order 
of end shrubs in Sb is at most half the size of the total order of end shrubs. □ 



2rf 
W 



The next lemma completely resolves Theorem 11.31 in the presence of Configuration (o9). 

Lemma 8.24. Suppose we are in Setting \774\ an d%77\ and assume we have Configuration (o9)(<5, 
hi,h 2 ,Ei,d\, fii, e 2 ,d 2 ,fi 2 ) with d 2 > 10e 2 > 0, 4 • 10 3 ^ d 2 fi 2 rk, max{<ii, r/pLi] ^ 7 2 ?7 2 /(4 • 
W 7 (n*) 2 ), df/6 > £1 > r/m and 5k > 10 3 /r. 

Suppose that (Wa, Wb,Sa,Sb) is a rk-fine partition of a rooted tree (T, r) of order k. If the total 
order of the internal shrubs of (Wa, Wb,Sa,Sb) is at most hi — 2q|, and the total order of the end 
shrubs is at most h 2 — 2^q| then TCG. 

Proof. Let Vq, V\, V 2 , Af, {Qq\ Qi^}jey and T' witness (o9). The embedding process has two 
stages. In the first stage we embed the knags and the internal shrubs of T . In the second stage 
we embed the end shrubs. The knags will be embedded in Vq U Vi, and the internal shrubs will be 
embedded in V(M). Lemma T8.21 1 will be used to embed the end shrubs. 

The knags of (Wa, Wb,Sa, Sb) are embedded in such a way that Wa is embedded in V\ and Wb 
is embedded in Vq. Since no other part of T is embedded in Vq U V\ in the first stage, each knag can 
be embedded greedily using the minimum degree condition arising from the super-regularity of the 
pairs {(Qq\ Qi )}jey using the bound on the total order of knags coming from Definition 13. D jcj), 
and using Lemma IH7/1 with the following input: £ >T Jg^7] := £ 2 , <^>i [877l := d 2 , l>i |8T71 := ^2^, Ua U Ub 
is the image of Wa U Wb embedded so far and { A>i [8TTt ^t>i l8?7l } := Wo i^iJ' where j G y is 
arbitrary for the first knag, and for all other knags P has the property that 

N Go (0(Par(P)))nQS i) \?7 A /0. 

The existence of such an index j follows from the fact that 

0(Par(P)) G V 2 , (8.66) 

together with condition (|7.64p . We shall ensure (18.660 during our embedding of the internal shrubs, 
see below. 

We now describe how to embed an internal shrub T* G Sa whose parent u G Wa is embedded 
in a vertex x G V\. Let w G V(T*) be the unique neighbor of a vertex from Wa \ {u} (cf. 
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Definition ED®)- Let U be the image of the part of T embedded so far. The next claim will be 
useful for finding a suitable AA-edge for accommodating T* . 

Claim 8.24.1. There exists an AA-edge (A, B), or an AA-edge (B, A) such that 

min {|Ng„(x) D V 2 n (A \ U)\, \B \ U\] ^ 100di|A| + rk . 

Proof of Claim \8.2J^.1\ For the purpose of this claim we reorient M so that V 2 (Af) C (J T 1 . 

Suppose the claim fails to be true. Then for each (A, B) G M we have \^g-d ( x ) ^ ^2 H (A\ U) \ < 
100di]A| + rk or \B\U\ < 100di|A| + rk. In either case we get 

\N Gv (x)nV 2 nA\ - \Un(A\JB)\ < 100di|A| +rk . (8.67) 

We write S := \J{V(D) : D £V,x€ V(D)}. Combining Fact S3] and Fact Owe get that 

^ 2 _^pl . (8 . 68) 

T 

Let us look at the number 

A:= {\^G T ,(x)nV 2 nA\-\Un(AuB)\) . (8.69) 

(A,B)£j\f 

For a lower bound on A, we write A = \N Gti (x) nV 2 \ - \U n V(A0|- (Note that V 2 C V(A/) as we 
are in Configuration (o9).) The first term is at least h\ by (|7.63p . while the second term is at most 
hi — jqI by the assumptions of the lemma. Thus A ^ 

For an upper bound on A we only consider those AA-edges (A, B) for which Ng X) (x) In 
that case ACS (cf. [3] of Setting |7~4"|) . Thus, since J\f is (ei, di, //iA;)-semiregular we get that 



\_S\_ 
ink 



\{(A,B)eM : N Gc nA^0}|^ J-l. (8.70) 



Thus, 



A^ ^ (|N Go (x)nV2n^|-|[/n(Au J B)|) 

(AB)eAT,N Gx) (x)iW0 
151 

(by (533, EZni) ^ lOOdilSl H -r/c 

(by JUS}) < — , 

a contradiction. This finishes the proof of the claim. □ 

By symmetry we suppose that Claim IK 24, II gives an A"-edge (A,B) such that min j (x) n 
V 2 n(A\U)\,\B\U\} ^ 100di|A|+rfc. We apply Lemma [83] with input C >r jg3] := A, D > $£^:= B 
X »lEE\ = KjEE := N ^ (x) n ^ n (A \ [/), y >lE5] :=B\U , e >lE 3] := e 1( /3 >lE5] := Then 
there exists an embedding of T* in V(A/") \ C/ such that w is embedded in V2. This ensures (|8.66ll . 
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We remark that there may be several internal shrubs extending from u E Wa- However 
Claim 18". 24. II and the subsequent application of Lemma 18.51 allows a sequential embedding of these 
shrubs. This finishes the first stage of the embedding process. 

For the second stage, i.e., the embedding of the end shrubs of (Wa,Wb,Sa,<Sb), we first recall 
that the total order of end shrubs in Sa is at most h^ — 2-^, and the total order of end shrubs in 
Sb is at most 5(^2 — by Definition EZDffl) • The embedding is a straightforward application of 

Lemma □ 

The next lemma resolves Theorem 11.31 in the presence of Configuration (olO) . 

Lemma 8.25. For every rj ,d! ,0. > there exists e > such that for every v' > there exists k$ 
such that the following holds for each k > ko. 

If G is a graph with Configuration (olO)(e : , d! , u'k, f2fc, rf) then trees(fc) C G. 

Lemma [8.251 was basically resolved in [PS12] and we do not give a proof here. See Section 18.1.51 
for discussion. 



9 Proof of Theorem Q 

Let a > be given. We set 



la 
7? := muH — , — {■ 
1 1 30'2 / 



We wish to fix further constants as in (|T.3|) . A trouble is that we do not know the right choice of 
Q* and Q** yet. Therefore we take g := |_^J + 1 an d fix suitable constants 

11 1 1 1 

77 > — > — >... > >p>7>d^-^e^vr^a^e / ^^>T> — > , 

ill ''2 itg+1 A Kq 
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where the relations between the parameters are more exactly as follows: 



1 77 



9 



fil " 10 25 ' 

1 if 7 

^ — R7^t\ f° r eacn J = 1) • • • j 9 > 



^ 10 67 ftf 

g 

rf 

P^ 



18 24 

7 < 



lO 90 ^ ' 



(f ^ min 



j 10 8 O ' 2+i . /^ilfufailful : = V, ^^iEU : = ^9+1 > 7>ilQ : = 7) j , 



1 . J . v 24 i m p 

— ^ mm < a 



{I <y 2 ri 3 dp (Q + i) 2 

A' w i3^ g+i ^>MM%mM := ^Z 40 ' : = ^ d / 2 < n »iE251 := g 7 2 ) 

vr < min {e, ^rt.jQ == V, »>ilQ : = fi s+i> 7>iEU : = 7, £>iIQ : = e )} > 
< min a >iM\ (°>il531 : = ^g+i>P>iES] := -p £ >i!5^1 : = ^' r >iM] := 2 p"j 

\ a 2 ^p 2 , } 
e ' ^ 1 10 3 Q 4 +1 > £ >lErf%lE] := °>llO : = ^g+i.ToilQ : = 7, g>ilQ == e) j , 

" ^ min { l^+i ' £ '' z/[>lim ^^ limi := a ' A >iSH := A ' %iSHl := 7 ' g >dOTl := e '' P>MM := ^ } ' 

r ^ 2e-Kv , 

1 J j 3 prj 8 ru 1 I 

— < mm < — s — 5 — , — > , 

with 

:= max { VlEHKiEEl := a ' A »i|OT] := A ' 7>iJOT] — 7, MOT] == e', P>ilOT1 : = P)> 

7 2 - 2p 

ViM]( >iE6] := Vi-ftiEU- -j) £ >iE6] : = 7r > T >rJ01 : = "oiES := "> ^iIOl := j^j- 

fc 0.>i]Q()7>rO1 := V, 0>ilBH : = n fl +i.7>ilO := 7, £>ilQ := £ , MO == 
fc 0.>lI73l(P>lO1 : = 10 >«>iE3] : = Wioo), 

+i) 2 

In particular, this gives us a relation between between a and fco- 
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Suppose now that k > ko, and G G LKS(n,fc,a) is a graph, and T E trees(fc) is a tree. It is 
our goal to show that T C G. 

We follow the plan outlined in Figure 11.31 First, we process the tree T by considering any 
(rfc)-fine partition (Wa,Wb,Sa,Sb) of T rooted at an arbitrary root r. Such a partition exists by 
Lemma 13.41 Let mi and rri2 be the total order of internal shrubs and the end shrubs, respectively. 
For % = 1, 2 set 

* := Ioo + (TTpb' 

and 

p0 - Too" 

In particular we have pi S [y^j, 1] for £ = 1,2, 3. 

To find a suitable structure in the graph G we proceed as follows. We apply Lemma 14.141 with 
input graph g >r gj|] := G and parameters ?? >T j4TT4l : = a > A >l l4"7l"4l : = A ' 7>t J4"7T41 : = 7, £>t JQ41 := e '> 
Pt>i ]4TT4l := P> tne sequence (Oj)^, fe>i J4.14| := A; and fe >I |^T^l := 10 qq» ■ The lemma gives a 
graph ^ ^ 4 ^4 1 £ LKSsmall(n, fc, and an index i £ [<?]. Slightly abusing notation, we call 
this graph still G. Set f2* := Oj and Q** := fij+i. Now, item (jcj) of Lemma 14.141 yields a 
(fc, 0**, $7*, A, 7, e', z/, p)-sparse decomposition V = V, P, G ieg , G exp , 21). Let c be the size of 
any cluster in V. 

We now apply Lemma O with parameters := rj, ^ >T JQ := Mg+l, 7>tJQ : = 7, £ >T JO := 

e, fe[>] j57Yl := and ^j jgjj := Given the graph G with its sparse decomposition V the lemma 
gives three (e, d, 7rc)-semiregular matchings Ma, Mb, and -M goo d Q Ma which fulfill the assertion 
either of case (Kl), or of (K2). The matchings Ma and Mb also define the sets XA and XB. 

The additional features provided by Lemma 14.141 and Lemma 16.11 guarantee that we are in the 
situation described in Setting [7741 We apply Lemma l7.3l as described in Definition 17.61 the numbers 
PoiPi)p2 are as defined above. This puts us in the setting described in Setting [7771 We now use 
Lemma 17.321 to obtain one of the following configurations. 

• (ol), 







V 9 P 2 \ 


4-io bb (n*) li ' 


2 ' 


128-10 22 -(n*) b J ' 


v 27 n" 




9 2 

7 VI 


4-10 6c (n*) 11 ' 


2 • 


2' 128-10 22 -(n*) 5 


n 27 n** 






4-10 bb (Q*) ii ' 


2 • 


2 ' 384-10 22 (Q*) 5 


v 27 n** 




9 

V V 


4-10 bb (f2*) li ' 


2 ' 


128-10 22 -(n*) :i ' 2 



v 9 



^°Al0 14 (n*) 4 ' ' 32Q* ' 24(F' 2000 A T 20/ fi 7> 

f^7l f ? 3 ^ 3 P ^7 4- 7 3 P ?? 2 ^ 3ri 3 , _tmi,\ 

^' Al0 12 (n*) 4 ' 400 32C* ' 2O0 4 "' 2O0 3 '' "2V 1 20^/' 
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. frtfil ( ? 4 7 4 P »77 400e j d 7 3 P ggrc rf v ' ttl C1 4- ^ hJl i \u\ 

• l oo Al0 15 (n*) 5 ' 400' r? ' 47F ' 2' 32ft* ' 200/c ' MO 1 '" 1 ^ "+" 20^' P 2 ^ 1 "+~ 20-"V' 

* l Oa Kl0 af (h*) a > hF'PH 1 + 40^'P2U + 20i fe ' IT' 2' 200fe' 47r ' 32TF' MFi' 

. (olO)( £ ,^,vr^,^,^) 

Depending on the actual configuration Lemma 18.151 Lemma 18.181 Lemma 18.231 Lemma 18.241 
or Lemma 18.251 guarantee that T C G. This finishes the proof of the theorem. 

10 Concluding remarks 

10.1 Theorem 11.31 algorithmically 

We now discuss the algorithmic aspects of our proof. That is, we would like to find an algorithm 
which finds a copy of a given tree T £ trees(fc) in any given graph G £ LKS(n,fc,a) in time 
0(n c ). Here the degree C of the polynomial is allowed to depend on a, but not on k. It can be 
verified that each of the steps of our proof — except the extraction of dense spots (cf. Section 14. 7|) 
— can be turned into a polynomial time algorithm. The two randomized steps — random splitting 
in Section [731 and the use of the stochastic process Duplicate in Section [8] — can be also efficiently 
derandomized using a standard technique for derandomizing the Chernoff bound. Let us sketch 
how to deal with extracting dense spots. 

The idea is as follows. Initially, we pretend that G exp consists of the entire bounded-degree part 
G — \I/ (cleaned for minimum degree pk as in (|4.8|) ). With such a supposed sparse classification 
Vi we go through Lemma 16.11 and Lemma 17.321 (which builds on Lemmas 17.331 17.341 and I7.35P 
to obtain a configuration. We now start embedding T as in Section [HJ Note that G reg and 21 are 
absent, and so, the only embedding techniques are those involving \l/ and G exp . Now, either we 
embed T, or we fail. The only possible reason for the failure is that we were unable to perform the 
one-step look-ahead strategy described in Section 14.51 because G exp was not really nowhere-dense. 
But then we actually localized a dense spot D\. We get an updated supposed sparse classification 
V2 in which D\ is removed from G exp and put in T> (which of course can give rise to G reg or 21). 
We keep iterating. Since in each step we extract at least 0(k 2 ) edges we iterate the above at most 
e(G)/@(k 2 ) = O(f) times. We are certain to succeed eventually, since after 0(f) iterations we get 
an honest sparse classification. 

It seems that this iterative method is generally applicable for problems which employ a sparse 
classification. 

10.2 Strengthenings of Theorem 11.31 

It would be possible to strengthen Theorem 11.31 with not too much extra effort by removing the 
approximation concerning the number of large vertices. Actually, having approximation on the 
degrees, one could even prove the theorem with negative approximation on the number of large 
vertices, in the following form. 
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Theorem 10.1. There exists c > such that for every a > there exists ko £ N suc/i i/iai /or any 
k > ko we have the following. Each n-vertex graph with at least — ca)n vertices of degree at least 
(1 + a)k contains each tree of order k. 

To prove Theorem 110.11 the only thing which has to be done — apart from obvious nota- 
tional changes to the classes LKS(n, k, rj), LKSmin(n, k, n), LKSsmall(?i, k, rf) — is to strengthen 
Lemma |6. 11 An appropriately changed Lemma 16. II can still provide one of the structures (Kl) or 
(K2) under the weakened hypothesis. The subsequent steps of the proof then do not have to be 
modified at all. 
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N, 12 

ffl, 12 

r<, 20 

(*), 73 

(01) , 73 

75 

(olO), 77 

(02) , 73 
(<?2), 75 

(03) , 74 

(04) , 74 

(05) , 74 

(06) , 76 

(07) , 76 

(08) , 76 

(09) , 77 

(exp), 75 
(reg), 76 
c, 67 
C, 105 
C~, 105 
.M-cover, 75 
Ch(£7), 21 
Ch(u), 20 
©V, 69 
d(G), 15 
d(C/,W), 15 
deg, 12 
deg max , 12 
deg min , 12 
dist(«i, V2), 13 
Duplicate(f), 115 
.M-edge, 43 
E(G), 12 
e(G), 12 
^-ensemble, 13 



V^)-embedding, 116 



e(X), 12 
e(X,y), 12 
F, 70 
G v , 67 

C/(n, fc, ft, p, u), 41 
£/(n, k, U, p, is, t), 40 
G v , 30 
ghost, 122 
G reg , 29, 67 

G v , 30 
L # , 68 

LKS(n, k, rf), 7 
LKSmin(n, k, ij), 14 
LKSsmall(n, k, rj), 14 
N^, 70 
N(u), 13 
ATa, 68 
70 
P, 68 
Pi, 68 
P 2 , 68 
Pa, 68 
Pi, 70 
Par(fT), 21 
Par(v), 21 

Sr,,fe(G), 14 
shadow, 64 
Seed, 21 
T(r,tx), 21 
trees(fc), 5 
70 

Vyt,\&, 68 

V, 70 
V, 70 
V*, 70 
V, 70 
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Vi(M), V 2 (M), V(M), 43 
Vi(M), V 2 (M), V(M), 43 
V^ a , 67 

K*a, 67 
.M-vertex, 43 
V(G), 12 
t;(G), 12 
V+, 68 

KvBn(T,r), 13 

^good) 68 
V odd (T,r), 13 

XA(7/,V,.Ma,.Mb), 52 
XB(r},V,M A ,M B ), 52 
XC(r7,V,7W A ,A^B), 52 
YA, 68 
YE, 68 
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(X 1 ^-Vi,...,X t ^ ^-embedding, 116 

absorb, 43 
active vertex, 33 
alternating path, 44 
augmenting path, 44 
avoiding, 28 
avoiding threshold, 29 

balanced set, 118 
balanced way of embedding, 117 
bipartite density, 15 
bounded decomposition, 28 

captured edges, 29 
child, 20 
cluster, 29 

consistent matching, 77 
cover, 75 

dense cover, 40 
dense spot, 27 
density, 15 
discrepancy, 118 

.M-edge, 43 
embedding, 5 
empty graph, 13 
end subtree, 21 
ensemble, 13 
Erd6s-S6s Conjecture, 4 

factor critical, 14 
fine partition, 21 
fruit, 21 

ghost, 122 

induced tree, 21 
internal subtree, 21 



irregular, 15 
knag, 24 

length of alternating path, 44 

matching involution, 122 

nowhere-dense, 27 
null graph, 13 

ordered skeleton, 24 

parent, 20 

peripheral subshrub, 24 
principal subshrub, 24 
proportional splitting, 70 

regular pair, 15 
regularized graph, 77 
rooted tree, 13 

seed, 21 

semiregular matching, 42 
separator, 14 
shrub, 24 

spanning subgraph, 13 
sparse decomposition, 29 
subshrub, 24 
super-regular pair, 15 

thick graph, 39 

unbalanced way of embedding, 117 
.M-vertex, 43 
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